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Abstract

This paper characterizes the transition dynamics of a continuous-time neoclassical
production economy with capital accumulation in which households face idiosyncratic
income risk and cannot commit to repay their debt. Therefore, even though a full
set of contingent claims that pay out conditional on the realization of idiosyncratic
shocks is available, the equilibrium features imperfect insurance and a non-degenerate
cross-sectional consumption distribution. When household labor productivity takes
two values, one of which is zero, and the utility function is logarithmic, we characterize
the entire transition dynamics induced by unexpected technology shocks, including the
evolution of the consumption distribution, in closed form. We then use these analytical
transition results to study the speed of convergence in income per capita of a poor (low
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1 Introduction

Households face considerable idiosyncratic income and unemployment risk. Following the
foundational work of Bewley (1986), Huggett (1993) and Aiyagari (1994) in quantitative
macroeconomics, a large literature has arisen studying the macroeconomic consequences of
this risk on the micro level, both theoretically as well as empirically.! The key assumption
in much of this work (henceforth denoted as standard incomplete markets, SIM) is that
the idiosyncratic risk is uninsurable, in the sense that explicit market or informal insurance
arrangements are by assumption absent, and the best households can do is to engage in
self-insurance through the accumulation of assets whose payoff is non-contingent on the
realization of the idiosyncratic risk.

However, there is now considerable evidence that households seem able to insulate
consumption better against idiosyncratic wage or income risks than what is implied by
models of self-insurance. Blundell, Pistaferri and Preston (2008) develop a (by now stan-
dard) methodology to empirically measure the extent of consumption insurance against
permanent and transitory income shocks, and Kaplan and Violante (2011) show that, quan-
titatively a standard life-cycle version of the SIM model implies too little insurance espe-
cially against permanent income shocks. A substantial follow-up literature, which includes
Arellano, Blundell and Bonhomme (2017), Eika, Mogstad and Vestad (2020), Chatterjee,
Morley and Singh (2021), Balke and Lamadon (2022), Commault (2022) and Braxton et
al. (2023) has largely confirmed these findings. Thus, alternatives to the conventional self-
insurance approach encoded in the SIM model are needed.

To make a contribution to this goal, in this paper we introduce limited commitment in
the tradition of Kehoe and Levine (1993, 2001), Kocherlakota (1996), and Alvarez and Jer-
mann (2000) into the same physical environment that Aiyagari (1994) studied with standard
incomplete markets. Specifically, we develop and study a continuous time general equilib-
rium neoclassical production economy with idiosyncratic income risk and explicit insur-
ance contracts against these risks. We assume that households cannot honor their debts,
and therefore cannot sell these contracts short, limiting the extent of insurance households
can achieve. Effectively, therefore, ours is a model with a full set of Arrow securities and

tight short-sale constraints at zero.’

ISee, e.g., Krueger, Mitman and Perri (2016) for an overview of this literature. It may be appro-
priate to also point to Imrohoroglu (1989) and the PhD thesis by Uhlig (1990), the latter of which also
featured a choice of households between risky and riskless investments. The thesis is available here:
https://voices.uchicago.edu/haralduhlig/thesis/.

2As Krueger and Uhlig (2006) show, this asset market structure is equivalent to a one-sided limited com-



The purpose of this paper is to understand the consequences of introducing this limited
insurance as cleanly as possible, by examining the most tractable scenario in which closed-
form solution of the entire macroeconomic dynamics can be given. The analysis here thus
seeks to serve as an important stepping stone and complements to a more quantitative and
empirical, but ultimately less tractable investigation. To this end, we assume that household
labor productivity takes two values, one of which is zero, and that the period utility function
is logarithmic. In Krueger and Uhlig (2025), we analytically characterized the steady state
of this model for an arbitrary number of income states. In this paper, we show that the entire
transition path of the economy induced by an MIT aggregate (transitory or permanent)
productivity shock, including the dynamic evolution of the non-degenerate consumption
and wealth distribution can be given in closed form as long as the aggregate shock is not
too large.> This complete analytical tractability of the transition path not only sets our
model apart from the standard Aiyagari (1994) SIM model, but also contrasts with the
representative agent neoclassical growth model without any idiosyncratic income risk (or
equivalently, with complete markets) for which no closed-form solution of its transitional
dynamics is available.

This analytical tractability originates from the fact that under the assumptions made,
the population endogenously separates into two groups: one group with only labor income
but no capital income, and a second group with no labor income but heterogeneous asset
holdings and thus asset incomes. Crucially, this latter group shares the same consumption
growth rate and effective saving rate, which (given log utility) is a constant that does not
depend on the current or future interest rates. This second group then aggregates exactly
(both in steady state and along the transition), and the resulting macro economy is also
characterized by a constant aggregate saving rate, as in the classic Solow model or as in the
model of workers and entrepreneurs by Moll (2014), but unlike in the standard neoclassical
growth model or the SIM model. As Sato (1963) and Jones (2000) show, the nonlinear
ordinary differential equation characterizing the aggregate dynamics of an economy with
constant saving rate is a Bernoulli differential equation with a closed-form solution — the
same is then true in our economy. We wish to emphasize, though, that in contrast to the

Solow model, the constant aggregate saving rate is a result rather than an assumption,

mitment model in which perfectly competitive and perfectly committed insurance companies offer long-term
consumption insurance contracts to households that cannot commit to these long-term contracts and can
switch to competing intermediaries without punishment. Without punishment, short-sale constraints at zero
are then precisely Alvarez and Jermann’s (2000) solvency constraints that are “not too tight.”

3The transition path could also be induced by an initial capital stock that is not at its steady state value.



and that this rate depends on the structural parameters of the model, including the time
preference rate as well as the parameters governing the idiosyncratic income process.
Given the dynamics of the aggregate capital stock, the speed of convergence to the new
steady state and the entire transition path of the consumption distribution in response to the
MIT shock can also be characterized in closed form. To demonstrate the potential useful-
ness of our tractable model for applied-quantitative work, we establish two results. First,
we show that our model can slow down the speed of convergence of capital to its long-run
steady state (relative to the standard neoclassical growth model), and therefore potentially
contribute to a resolution of the puzzle originally identified by King and Rebelo (1993)
that neoclassical convergence dynamics tends to be too fast, relative to what is observed
in the data. Second, we show that in the model, consumption inequality is “procyclical:”
it increases on impact in response to an (expansionary) positive productivity shock before

converging back to its original level in the long run.

1.1 Related Literature

In this paper, we seek to integrate two foundational strands of the literature on macroeco-
nomics with household heterogeneity. The first strand has developed and applied the stan-
dard incomplete markets model with uninsurable idiosyncratic income shocks and neoclas-
sical production, as Bewley (1986), Imrohoroglu (1989), Uhlig (1990), Huggett (1993), and
Aiyagari (1994). In a recent paper, Achdou et al. (2022) analyze a two-state continuous-
time SIM model. As we do, they characterize the stationary equilibrium by two key differ-
ential equations: one governing the optimal solution of the consumption (self-)insurance
problem, and one characterizing the associated stationary distribution. The papers comple-
ment each other by characterizing equilibria in the same physical environment, but with two
different market structures. Furthermore, we achieve a full analytical characterization of
the entire transition path of the economy, possibly opening a path for an analytical analysis
of macroeconomic fluctuations.*

The second branch is the literature on recursive contracts and endogenously incomplete
markets which permits explicit insurance, but whose scope is limited by contract enforce-

ment frictions.” Specifically, we incorporate explicit insurance contracts offered by com-

“4Heathcote, Storesletten and Violante (2014) construct an analytically tractable endowment economy
with incomplete markets. Key to their results is that transitory shocks are assumed to be perfectly insurable
whereas permanent shocks are not insurable at all.

SRecent work that builds on Kehoe and Levine (1993), Kocherlakota (1996), and Alvarez and Jermann



petitive financial intermediaries, as analyzed previously in partial equilibrium by Krueger
and Uhlig (2006), into a neoclassical production economy. In doing so, we seek to provide
the macroeconomic literature with a novel, fully micro-founded yet analytically tractable
model of neoclassical investment, production, and the cross-sectional consumption distri-
bution where the limits to cross-insurance are explicitly derived from contractual frictions.
In Krueger and Uhlig (2025), we theoretically characterize steady states in a model where
idiosyncratic risk follows an arbitrary /V-state continuous-time Poisson process, and here
we characterize the transitional dynamics of the model in closed form when labor produc-
tivity takes two values (because only then can the transition analysis be given in closed
form) and apply it to the evolution of consumption inequality and income per capita con-
vergence along the transition. Finally, in Ando, Krueger and Uhlig (2023) we study asset
pricing in the model with aggregate risk cast in discrete time. While the approach and for-
mulation in these papers are described from the perspective of a financial market, one can
alternatively think of the insurance contracts offered by financial intermediaries as long-
term wage contracts offered by firms that provide workers with partial insurance against
productivity fluctuations to workers, in line with the formulation in Harris and Holmstrom
(1982), Thomas and Worrall (1988), Guiso, Pistaferri and Schivardi (2005), Saporta-Eksten
(2016), and Balke and Lamadon (2022).

Finally, our paper shares elements and insights with other work on dynamic macro
models with limited commitment in endowment economies, such as Grochulski and Zhang
(2011), Zhang (2013) and Miao and Zhang (2015), but models capital accumulation and
production explicitly.® By casting our model in general equilibrium we follow Hellwig and
Lorenzoni (2009), Gottardi and Kubler (2015) and Martins-da-Rocha and Santos (2019)
but in contrast to these endowment economy papers emphasize the transitional dynamics
induced by capital accumulation.’

In the next section, we describe the model and define the equilibrium. Section 3 charac-

terizes the optimal household consumption-asset allocation for a given sequence of wages

(2000) includes Broer (2012), Kovrijnykh (2013), Abraham and Laczo (2018), and Sargent, Wang and Yang
(2021). A common theme in this literature is the interaction between private and public insurance, see, e.g.,
Golosov and Tsyvinski (2007), Thomas and Worrall (2007), and Krueger and Perri (2011).

®An alternative literature introduces private information into economies with aggregate production and
capital accumulation, see, e.g., Golosov and Tsyvinski (2007) and Khan and Ravikumar (2020).

"Furthermore, whereas Hellwig and Lorenzoni (2009) and Martins-da-Rocha and Santos (2019), moti-
vated by the original Bulow and Rogoff (1989) paper, postulate that (sovereign) default can be punished at
least with exclusion from future borrowing, we assume that there is no punishment for default at all. We
discuss the implied differences for steady state interest rates in greater detail in Krueger and Uhlig (2025).



and interest rates. Section 4 aggregates these allocations to analytically characterize the
equilibrium transition path, starting from an initial steady state with partial consumption
insurance. It also provides sufficient conditions on the aggregate productivity and idiosyn-
cratic risk processes for a partial insurance transition equilibrium to exist. Section 5 dis-
cusses two potential applications of our theoretical results: Section 5.1 contrasts the speed
of convergence in our model to that of the representative agent neoclassical growth model,
and Section 5.2 traces out the response of consumption inequality to an increase in id-
1osyncratic income risk along the transition. Section 6 concludes. All proofs and additional

technical details and results are contained in the Appendix.

2 The Model

2.1 Endowments, Preferences, Technology and Financial Markets

Time is continuous. There is a unit mass continuum of infinitely lived agents who supply

labor to the market, consume goods, and purchase financial assets.

2.1.1 Idiosyncratic Labor Productivity

Labor productivity z;; of an individual agent ¢ at time ¢ follows a two-state Poisson process
that is independent across agents. More precisely, productivity can either be high (z; =
¢, > 0) or zero (z;; = 0). Let Z; = {0, (;}. The transition from high to low productivity
occurs at rate & > 0, whereas the transition from low to high productivity occurs at rate
v > 0. We permit the transition rate &; to be time-varying to allow income risk at the
household level and thus cross-sectional income inequality to be time-varying. Denote the
associated share of low-productivity and high-productivity households by (V;;, ¥y, ;). If

the transition rates are constant at (£, /), then the stationary distribution is given by

(€ v
(0, 0y) = (mm) | (1)

We assume that the initial productivity distribution is given by (1). In addition, we normal-

ize productivity such that aggregate labor efficiency units are equal to 1 for all ¢:

Lt = Ct‘I’h,t =1L (2)



Using equation (2), the cross-sectional variance of the productivity process is given by
Vary(zi) = (1 =0, ) (0= 1)+, (G — 1) =¢ — 1= (V) ' = 1. 3)

Thus, when the risk &; of losing productivity rises and the share of high-productivity agents

W}, , falls, the cross-sectional variance of productivity rises.

2.1.2 Preferences

Agents have log utility u (¢) = log (c) and discount the future at rate p > 0. Then the

expected utility of an agent from time ¢ onward is given by
+o00
Uy = FE, { / e "D og (c)dr|, 4)
t
where the expectation depends on the current idiosyncratic state and risk of the agent.®

2.1.3 Technology

There is a competitive sector of production firms which uses labor and capital to produce
the final output good according to the Cobb-Douglas production function A, F' (K, L;) =
A K L7’ where # € (0, 1) denotes the capital share and A, > 0 is a productivity parame-
ter, evolving as an exogenous and non-stochastic function of time. Capital depreciates at a
constant rate 6 > (0. Production firms seek to maximize profits, taking as given the market
spot wage w; per efficiency unit of labor and rental rate of capital (net of depreciation) 7;
per unit of capital. We impose the following assumptions on the exogenous time-varying

processes throughout the paper.

Assumption 0. For all t > 0, both A, and &, are differentiable functions of time t and

converge to finite and strictly positive limits,

A = Jim Ay, A€ (0,400), (5)
§ = Jim &.£€(0,+00). (©)

8We abstract from aggregate risk in this paper. A number of our results for the deterministic transition
analysis generalize to CRRA utility, see Online Appendix H.



Furthermore, the process & (and the associated V;,, and () satisfies the normalization
Ly =1in(2), forallt.

Note that this assumption permits productivity A; and risk &; to jump (or have a kink)
at t = 0. It merely stipulates that after this initial MIT shock, productivity and risk evolve

smoothly and converge to finite limits.

2.1.4 Financial Markets

As in Krueger and Uhlig (2006, 2022, 2024), agents seek to insure themselves against
their productivity fluctuations. We assume that a full set of individual-specific insurance
contracts is available, but individuals cannot commit to honor these contracts and there is
no punishment from default. There are two ways to formulate the resulting consumption
insurance contracts and the associated market structures, which turn out to be equivalent.

First, envision a market structure in which individuals buy long-term consumption in-
surance contracts from risk-neutral and perfectly competitive insurance companies. These
financial intermediaries can fully commit to contracts, whereas individuals cannot com-
mit and individuals can switch insurers without cost at any time, i.e., there is one-sided
limited commitment. The intermediaries offer the utility-maximizing consumption alloca-
tion to individuals, subject to breaking even and subject to not losing an individual to the
competition. This is the market structure that Krueger and Uhlig (2006) studied.

That paper, following the insights of Alvarez and Jermann (2000), also showed that
this formulation is equivalent to an asset market-based structure in which individuals own
assets (in the form of physical capital), either by themselves or through an account at a
financial intermediary, and given this capital, maximize lifetime utility by buying idiosyn-
cratic shock-contingent Arrow securities subject to state-contingent short-sale constraints.
This is the formulation we pursue here. The key result in Krueger and Uhlig (2006), rem-
iniscent of Bulow and Rogoff (1989), is that limited commitment by households and no
punishment from default implies that individuals cannot borrow at all in this capital ac-
count. Note that the capital account is state-contingent, and its balance can jump when
productivity changes and otherwise evolves due to new (possibly negative) investment z,

given the current agent-specific state and calendar time ¢.



2.1.5 Household Optimization Problem

Denote by U, (k; z) the expected continuation lifetime utility of the agent, given the current
capital account k, agent-specific productivity z and the aggregate state of the economy en-
capsulated by the time index ¢. This lifetime utility satisfies the Hamilton-Jacobi-Bellman

(HJB) equation defining the optimal consumption-asset allocation.

Definition 1. For z € Z, wages w, and interest rates r;, let Z be the “other” state and
Pt € {&, v} be the Poisson intensity for the transition from z to Z. An optimal consumption

allocation C; = (Ut(k; 2), co(k; 2), (ks 2), ey (K z)> is the solution to the program
k>0,z€Z

pUy, (k;z) = max u(c)+ U (k;2) + Ul (k;2) 2 + pay (Ut (l;:, 2) — Uy (k; z)) 7

c,k>0,x
s.t. c+x+p.s (/;; — k;) =rk + wz )
x>0 if k=0. )

To build intuition for the HJB, consider the household problem in competitive equilib-
rium of the standard deterministic neoclassical growth model where the agent receives a

wage w and owns capital k, earning interest . The HJB equation in that model reads as

pU (k) = max{u(c)+U'(k)x} st. c+z=rk+w or

>0,
pU (k) = max {u(c)+U'(k)[rk +w —c]}.

The flow payoff pU (k) of the value function U (k) is the sum of the flow utility u (c¢) from

consuming ¢ and the change in the value function U’ (k) = due to the investment by = .

Investment and consumption have to respect the budget constraint ¢ + x = rk + w.

The fact that wages and interest rates (wy,r;) are time-varying adds a time subscript
to the value function U, (-), and the payoff now also includes the time derivative in the
value function U, (+) due to changing factor prices. In the presence of idiosyncratic labor
productivity risk, the current state of the household includes both capital as well as current
productivity (k, z), and the value function becomes a function of both these individual state
variables. In addition, labor income is now w;z.

For Definition 1, two further crucial features are added that embed the financial market
structure with explicit insurance but limited commitment. First, the flow payoff pU; (k; 2)

also accounts for the expected instantaneous change in utility p. ; (Ut (l%; 2) — U, (k; z)>



due to a possible change in productivity from z to z. Note the crucial feature that the capital
stock upon a productivity change, k, is allowed to differ from the current one, k. This is
the feature of explicit insurance against idiosyncratic agent-specific shocks, in contrast to
the standard incomplete markets model which requires k = k. The change in the capital
stock has to be paid for, though, which explains the actuarially fair “insurance premium”

Dot (if — k) in budget constraint’ (8). Second, the lack of commitment is incorporated by
the restriction that & > 0, as well as z > 0 when k£ = 0. Without punishment for walking

away from a negative capital account (defaulting on an intermediary if the account is held
with them), Krueger and Uhlig (2006) show that the state-contingent borrowing limits that

are not too tight, in the sense of Alvarez and Jermann (2000), are exactly at zero.'?

2.2 Equilibrium

In our model, agents hold capital to insure against a spell of low productivity. We will focus
on equilibria in which agents never wish to purchase state-contingent capital for the high-
productivity state — our definition of equilibrium below reflects that focus. For this to be
optimal, the return on capital has to be sufficiently low and wage growth sufficiently high
(in a way we make precise below). We will provide sufficient conditions on the parameters
of the model such that this is indeed the case in equilibrium.!’

The only reason for acquiring and subsequently holding capital is thus to finance the
consumption stream of agents with zero productivity. High-productivity agents pay insur-
ance premia to obtain a stock of capital should the transition to zero productivity occur,
but hold no capital as long as they are productive. Thus, all these agents are identical and
we do not need to keep track of their past productivity history. Low-productivity agents,
in contrast, are distinguished by the length of time 7 > 0 elapsed since the transition from
high to low productivity occurred. Let the density at time ¢ be denoted by ;; (7). In a

v

stationary equilibrium where &, = £ is constant, this density is given by ¢, (1) = &—Ve"”,

and in general ¢, (7) will depend on the time path of &. Note that the mass of high-

9We can think of insurance being offered by risk-neutral perfectly competitive intermediaries. In this
economy with only idiosyncratic but no aggregate risk (in contrast to Alvarez and Jermann, 2000), a com-
petitively behaving financial intermediary offering the insurance can always contract with a measure one of
agents with current state z buying insurance for state z, and therefore faces the deterministic insurance payout
pzyt(fc — k). By perfect competition this then also is the price charged for this insurance in equilibrium.

'0In Krueger and Uhlig’s (2006) discrete-time environment, the interest rate is exogenous, but this does not
change the fact that in the absence of any punishment, positive (possibly state-contingent) debt (a negative k)
cannot be sustained, reminiscent of the classic Bulow and Rogoff (1989) result.

"Under these parameter restrictions, we also conjecture this is the only equilibrium.



productivity individuals is then given by ¥, = 1 — 0+°o Yy (1) d7, which integrates to
U,=1- 0+°° Ui (1) dr = £% in steady state.

Low-productivity agents hold capital k,; which depends on the date ¢ and the time
s =t — 7 of the transition to low productivity. Thus, rather than keeping track of the joint
state distribution across capital and productivity states (k; z), it is more convenient to keep
track of the capital holding k, ; as a function of the transition time s and the calendar time ¢.
Similarly, we denote by ¢, ; the consumption of an agent at time ¢ who made the transition
to low productivity at time s < ¢. In what follows, time derivatives are always with respect

to calendar time.

Definition 2. An equilibrium consists of household allocations C;, equilibrium wages wy,
interest rates r,, aggregate capital K;, and capital holdings of low-productivity agents

(ksit),<p as functions of time t € (—o0, +00), such that:

1. Given (wy,ry), the household allocation C; is optimal (in the sense of Definition 1).

2. The allocations C; have the “only low-productivity agents hold capital” property that
k, (k;0) =0, for all k = ks, for all s < t, as well as x; (0; () = 0.

3. Capital holdings of low-productivity agents are consistent with allocations Cy, i.e.,

ke = ke (0;0), (10)
kei = x(koy;0), (11)

; ks
where k; = =5~

4. The interest rates and wages (ry, w;) satisfy

ry = AtFK (Kta ]-) - 57 (12)
Wy = AtFL (Kt7 1) . (13)

5. The goods and capital markets clear

+o00o
/ 0 (krrs 0) g ()T + 0 (030) Wy + 6K, = AF(Kil), (14)
0

—+o0
/ bt (T)dr = K, (15)
0

10



In the market clearing condition (15), the supply of capital comes from agents with cur-
rently low productivity that were income rich 7 periods ago, integrated over 7. Aggregate
consumption in (15) is composed of the integral over the heterogeneous consumption levels
of the income-poor and the uniform consumption of the income-rich times their mass.

The thought experiment envisions the economy initially (for ¢ < 0) in a stationary
equilibrium in which all entities in Definition 2 indexed by time ¢ are constant. We establish
that there is a unique stationary equilibrium in Section 4.1. Then, aggregate total factor
productivity A and/or income risk £ change at time ¢ = 0 from the constant (A*, £*) towards
time-varying paths (A, &) with tlg-noo(At’ &) = (A, €). Since this is a complete surprise to
everyone (the typical “MIT shock™), the stationary equilibrium allocations chosen at ¢ < (
have not allowed for that contingency. We then characterize the dynamic transition path
induced by this change in productivity. The aggregate capital stock and its distribution at

t = 0 are predetermined by the steady state equilibrium associated with (A*, £*).

3 The Optimal Consumption Allocation

In this section, we characterize the optimal household consumption-asset allocation, given
a path for wages and interest rates (r;, w;). We start with a graphical representation of the
optimal allocation to provide intuition and to guide the ensuing theoretical analysis.
Figure 1 illustrates the consumption insurance allocation in the initial steady state (i.e.,
for t < 0) of an agent with productivity z; and thus labor income y; = w*z; that switches
idiosyncratic productivity at two Poisson dates from high to low and back to high produc-
tivity. In the high idiosyncratic income state of a simple equilibrium, the agent holds no
capital, consumes less than his current income (see the upper panel) and uses the difference
to make insurance payments against the possibility of a switch to low productivity. When
the switch occurs, the agent receives a stock of capital as insurance payout (see the lower
panel) and draws down this capital account to finance the consumption stream during the
low-productivity (zero labor income) phase. Upon a transition back to high productivity,

the capital account returns to its zero value and the allocation returns to the initial phase.'?

2Figures 1 and 2 also clarify why a fully analytical characterization of the transition path with more
than two states is infeasible: while the optimal consumption allocation has the same qualitative features
with N > 2 states, as shown in Krueger and Uhlig (2025) for the steady state, it is now characterized by
N — 1 consumption “plateaus” (and a constant drift between them). Consequently, the downward drift hits a
consumption “plateau” in finite time, and this time depends on the interest rate. The associated consumption
distribution is piece-wise Pareto, with interest rate-dependent bounds, and explicit aggregation giving rise to
a tractable law of motion that we achieve in Section 4 is infeasible for a general N-state Poisson process.

11



Insurance contract for an agent: steady state

2 Insurance
payments

Ct' yt

Figure 1: Consumption allocation in stationary equilibrium. In the high-productivity state,
the agent holds no capital, consumes less than current income, and pays for insurance
against a productivity change. When the productivity state changes to zero, the agent re-
ceives a stock of capital as insurance payout, running it down while productivity is zero.
When productivity switches to the high state again, the capital account returns to zero.

Figure 2 depicts what happens to the consumption insurance allocation on the impact of
the MIT shock at time ¢ = (0. Whereas the capital held by low-productivity agent remains
unchanged on impact (since capital is a state variable and the transition was completely
unexpected), a different path for consumption emerges, due to changed aggregate dynam-
ics in wages and interest rates (wy,r;) and the individual income process y; = w;z;. In
the high-productivity phase, consumption changes due to the changing wages along the
transition, but as long as income growth is sufficiently fast relative to the interest rate (and
thus savings incentives sufficiently weak, in a sense formalized below), the capital account
will still be zero and a share of labor income will again be devoted to insurance payments
against idiosyncratic productivity loss. During the low-productivity and thus zero labor
income spell (assumed to encompass the instant £ = 0 of the MIT shock), the aggregate
shock will potentially induce an altered consumption path due to interest rate changes along
the transition. Whereas consumption can in principle change discontinuously at ¢ = 0 (as
displayed in Figure 2), we will show that this is not the case when utility is logarithmic."?

We now proceed with the formal analysis. Given an allocation C;, we define the implied

3For a general CRRA utility function, a jump at ¢ = 0 indeed occurs. See Online Appendix H.

12



Insurance contract for an agent: MIT shock
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A I
apital account:

Figure 2: Consumption allocation around transition date ¢ = 0. Low-productivity agents
keep their capital. Since returns r;, wages w; and possibly the individual income process
have changed, a different consumption path might now be optimal, given this initial capital.

time derivative of consumption (assuming no idiosyncratic z-state transition) as'*

ey (k; z) N Ocy (k; 2)

g % xy (k; 2). (16)

¢ (kyz) =

We make the following assumption on the equilibrium interest rate path, which we will

show in Section 4.2 to hold under suitable assumptions about the exogenous parameters.

Assumption 1. For somel' > 0, ry < pforallt > T.

Lemma 1 (Optimal consumption allocation for z = 0 and k£ > 0). Let Assumption I be

satisfied and let k > 0. Then the optimal allocation in definition I is characterized by:

Ct <k52> .
m =Ty —p. (I7)

Furthermore, if z, = 0 and if. for some k > 0 we have lNCt(k; 0) = 0 for all k < k, then

14“To provide some intuition for this definition of the time derivative, suppose that productivity remains
constant at z for some time interval. In that case note that k; = z; (k; z) and that consumption evolves as
¢ (t) = ¢; (ke 2) as a function of time only. Taking the derivative with respect to time yields the expression.
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there exists k such that forall k < l?:,
a(k;0) = (p+v)k, (18)
ze (k;0) = (ry—p) k. (19)

The proof is in the Appendix. Note that Assumption 1 permits the possibility that
ry > p for some time during the transition. When this happens, capital £ and consumption
¢ will be temporarily increasing. The optimality of the proposed allocation in the lemma
is then threatened by low-productivity individuals having so much current wealth (capital)
that they find it optimal to carry some of it into the high-productivity state. As long as the
initial capital in the low-productivity state is less than k, then even when capital drifts up
temporarily, it never exceeds the bound k that guarantees the optimality of /%t(k; 0) = 0.

We now use this result to characterize the dynamics of consumption for individuals
with currently high productivity. To do so, we make the following assumption concerning
equilibrium variables, which in Section 4.2 again will be replaced by sufficient conditions

exclusively on exogenous model parameters.
Assumption 2. Suppose the aggregate wage and interest rate satisfy, for all t > 0,
W G

—+ > 4p > 1, (20)
Wy t

gtwt > p+v+ ft ef;(ru—p)du.

Vs < t,
Gws — ptrv+&

2D

Generally, agents discount future payments at rate Z—i + p. Suppose that consumption
is proportional to wages, as will be the case for individuals with high productivity. The
assumption then ensures that this discount rate is higher than the interest rate r; that can
be earned on savings, i.e., high-productivity agents would rather not postpone consump-
tion into the future by saving (and recall that they cannot borrow). The second part of
the assumption ensures that low-productivity individuals do not want to save for the high
productivity state during some period ¢ along the transition. '

Now define the conjectured consumption rate (out of current labor income) of high-

5The assumption guarantees that for all agents with low-productivity, current consumption is weakly lower
than that of high-productivity individuals. If this were not the case, these individuals could improve lifetime
utility by (temporarily) saving for the contingency of a productivity reversal towards the high state.
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productivity individuals as
a, =L v
t

= m (22)
For ease of notation, let ¢, ; = ¢; (ks4; 0) denote the time-t consumption of a low-productivity
agent who switched from high to low productivity at time s < ¢ and thus holds capital £, ;.
This notation implies that ¢, s and k; , are the consumption and capital holdings of an agent
whose productivity has turned to zero this very instant. Further, denote by ¢;; = ¢ (0; ()

the time-t consumption of a high-productivity agent with no assets.

Lemma 2 (The optimal consumption allocation). Let Assumption 2 be satisfied. Then the

optimal allocation of Definition 1 is characterized by the following consumption process:

Cht = Oéttht, (23)

Cot = Cpyelstrumndu, (24)

for all s,t, where the consumption rate o is defined in (22) and where the instantaneous

consumption growth rate of unconstrained agents is given by r, — p, see equation (17).
The proof is in the Appendix.'® Equation (23) implies that high-productivity agents pay

an insurance premium (1 — ay);w, against their productivity falling. Since the insurance

contracts are actuarially fair, this finances initial capital

1—Oét

&

after the switch to zero income. Equation (18) then implies

]ft,t = Grwy (27)

(p+v)(1—a)
&

Denote by UL (k) = U, (k;0) and by U = U,(0; (;) the lifetime utilities of agents with low productivity
and capital k, and agents with high productivity and no capital, respectively. Conditional on the property that
there is no capital accumulation for the high state (which the proof in the appendix establishes), the HIB
equations in (7)-(9) can be simplified to

Grw = apGywy (28)

Ctt =

pUE(R) = max {log (¢) + UF(k) + UA (k) (re + vk — o) + v (UF = UF(R) ). @9)
pUHE = max {log (c) + UtH + & (UtL <w£Ct — c) — UtH> } . (26)
¢ t

As an alternative to the proof in the appendix, the optimal consumption-savings allocation stated in Lemmas 1
and 2 in the main text can then also directly be obtained by taking first order conditions of the above (perhaps
more familiar) HIB’s, invoking the envelope theorem and combining them. See Online Appendix C for the
detailed derivations.
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for the consumption following the switch, which coincides with ¢, ; and with the expression
in (24). Finally, solving for a; in equation (28) delivers (22).

What is perhaps surprising is that, as equation (18) shows, the consumption rate o; =
cp1/ Cywy after switching to zero productivity takes the same form along the transition as in
the initial steady state, despite the fact that the subsequent consumption path drifts down at
a different (and time-varying) interest rate. However, since the rates at which future con-
sumption is discounted also change, the present discounted value of this altered consump-
tion stream remains the same with log-utility, and thus the wage-normalized entry level
of consumption does not depend on the future interest rate path. This is a version of the

well-known “income effect and substitution effect cancel” property of log preferences.!”

4 Transition Dynamics

To compute the aggregate capital supply K; at time ¢, we aggregate the capital holdings of

low-productivity agents,

t
Kt = / ks,t¢l,t(t - S)dS. (29)

This allows us to characterize the evolution of the aggregate capital stock in closed form.

Lemma 3 (Dynamics of aggregate capital supply). Let the initial capital stock Ko = K*
be given by the capital associated with the steady state interest rate v* < p and let Assump-

tions 0-2 be satisfied.'S Then the aggregate law of motion for capital is given by

K, §AK? — 0K, (30)

1—(1—0)y and b=06+p+ur. (31)

where 54

The proof is in the Appendix. The aggregation result is intuitive: high-productivity
agents consume the fraction o of all wages and save the rest (1 — o )w;. Low-productivity

agents own all capital, earn r, on their capital accounts, and deplete it at rate p 4 v. Adding

17Recall that the MIT shock at t = 0 is completely unexpected, and the insurance contracts did not allow for
this contingency. Nevertheless, since the insurance only stipulates delivery of capital and does not guarantee
a specific return on that capital and the share of newly low-productivity individuals is continuous at ¢t = 0,
those providing the insurance will not make unexpected losses or profits induced by the MIT shock to either
aggregate productivity or idiosyncratic risk.

18 Assumption S1 in Section 4.1 below guarantees such a unique partial insurance steady state with r < p.
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up yields
Kt = (1 — Oét) Wy + (Tt — (p + I/)) Kt. (32)

Using the expressions for the wage and interest rate (r;, w;) from (12) and (13) delivers
the law of motion (30) with a possibly time-varying aggregate saving rate $; in (31). This
is a consequence of identical savings rates within each group of households, see equations
(18) and (23): with log utility, low-productivity agents all consume the same share of their
capital account and high-productivity agents consume the same share of their wage income.
The law of motion is akin to that of the Solow model, but with a micro-founded saving rate
s; and depreciation rate 6 that are explicit functions of the underlying structural parameters
of the model, including the potentially time-varying risk of losing productivity &;.

As is well-known from the Solow model (or from Lemma H.5 of Online Appendix H.3),

this differential equation has a closed-form solution given by:!

1
1-6

N ¢ Iy
K= |00 ey ) [ s aar L
0

_1
1—

where K, = K* = (£4% * is the initial steady state capital stock associated with initial

productivity and risk (il*, €*). The right-hand side of equation (33) is solely a function
of parameters and the exogenous time paths {A;,&;}. The solution in (33), in principle,
applies to any paths for { A;, &, }, but the requirement that Assumption 2 be satisfied imposes
restrictions on these paths for which (33) is a valid characterization of the equilibrium law

of motion for capital. We will characterize these restrictions in Section 4.2.
1

Defining the final steady state associated with (A,£) as Ko, = K = (%)m the

following corollary is a direct consequence of Assumption 0, Lemma 3 and equation (33).
Corollary 1. Under the conditions of Lemma 3, we have K, — K.

Note that the time paths of all other aggregate variables, such as the interest rate, the

wage and aggregate consumption directly follow from the dynamics of the aggregate capital

19By using the transformation X; = K t1—9’ one can transform this so-called Bernoulli differential equation
into a linear ODE, from which the solution readily follows.
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stock, as in the standard neoclassical growth model and the Solow model, i.e.,

r = QAKIT 4, (34)
w, = (1-0)AK?, (35)
C, = AK?—OK, - K,. (36)

Although the dynamics of our model appears to be similar to that of the Solow model,
there are fundamental differences. In the Solow model the aggregate saving rate s is not
only constant, but an exogenous parameter, whereas in our model the saving rate s; is not
only potentially time varying, but (as is the effective depreciation rate &) fully endogenous
and micro-founded. Crucially, these rates change in response to underlying household-level

risk. The applications of our model in Section 5 will leverage this observation.

4.1 Partial Insurance Steady State

For constant (A, &) = (A, €), the steady state capital stock K satisfying K; = 0 and
associated interest rate r are given by

A\ T 5
K= (SA ) and r—=0% — (37)
) S
where (3, B} ) are the steady state effective saving and depreciation rates defined in (31) for
constant income risk & = £. Now define the constant
13 0

=g T oer 9

Krueger and Uhlig (2025) show that y is the difference between the steady-state wage-
normalized capital supply and demand at » = p. We now impose the following assumption
for the steady state (consequently labeled S1), which guarantees both a unique initial and a

final stationary equilibrium with interest rates r < p.

Assumption S1. Let the exogenous parameters of the model satisfy 0, v, p, £*, é ,> 0and

X(€7) > 0,x(£) > 0. (39)

In Lemma B.4 of Online Appendix B.4, we show that the initial and final steady state
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interest rates satisty 7(£*) < p and r(£) < p if and only if x(£*) > 0 and x(§) > 0. The
following proposition from Krueger and Uhlig (2025) summarizes our discussion above

and fully characterizes the initial and final steady state of the model.?

Proposition 1 (Krueger and Uhlig, 2024). Let Assumption S1 be satisfied. Then there exists
a unique initial and final stationary equilibrium. The unique equilibrium capital stock and
interest rate (K, r) are given by equation (37), and r satisfies r < p in the initial and
final steady state. Both stationary equilibria feature partial insurance, i.e., consumption
of the high-productivity agents is c, and consumption of the low-productivity agents drifts
downwards at rate r — p < 0. The steady state interest rate is independent of aggregate
productivity A and strictly decreasing in income risk £ and the steady state capital stock is
strictly increasing in both aggregate productivity and income risk.

The wage is given by w = (1 — 0) A(K)?. The stationary consumption distribution

has a mass point at c¢;, = a(w for the mass #5 of high-productivity agents, and

- e<ﬂr>fyc—jp, (40)

¢, = e P, 41)

for the low-productivity agents as functions of T (the time elapsed since their last transition

to low productivity), where k. = ki, and ¢; = ¢ (ki—.+) are independent of t.

Note that £, is the net present value of the future zero-income consumption path c, g,

taking into account the rate v of switching out of the zero income state, i.e.,

+o0o
kr _ / 6_(V+T)SC7-+5dS. (42)

=0
4.2 Sufficient Conditions for “No-Savings” Assumption 2

In this section, we derive sufficient conditions on the exogenous productivity and risk paths
{A;, &} and the other model parameters under which Assumption 2 (which imposed con-
ditions on endogenous entities) is indeed satisfied in equilibrium.?!

In what follows, we impose Assumption S1 which guarantees the existence of a unique

stationary equilibrium with partial insurance from which (by assumption) the transition

20See Lemma B.4 of Online Appendix B.4 for a reproduction of the argument here.
2IReaders not interested in this technical discussion can skip to Section 5 without loss.
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path starts and a unique stationary partial insurance equilibrium where it ends. This as-
sumption also guarantees that the path for capital implied by (33) has an implied interest
path that converges to 7 < p, and thus Assumption 1 is automatically satisfied.

Assumption 2 only involves the dynamics of wages and interest rates ensuring that
incentives to save for the high states are sufficiently weak along the transition. Given that
these wage and interest paths are functions of the dynamics of the capital stock only, a
sharp characterization of it is paramount. To this end, first note that if productivity and risk
change permanently at ¢ = 0 from (A*, &) to (A, €), then from equation (33) the aggregate
capital stock evolves according to

K, = o—(1-0)3t (K*)lfe n (1 _ 6—(1_0)&) (f()le} = (43)

and thus the capital stock evolves monotonically from the old to the new steady state, at a
speed determined by the constant (1 — 0)(0 + p + v).

4.2.1 Aggregate Productivity Shocks

Since a one-time positive aggregate productivity shock delivers the cleanest sufficient con-
ditions under which Assumption 2 holds, and permits the clearest discussion why the as-
sumption might be violated, we start with this case. We then turn to more general produc-
tivity paths in the remainder of Section 4.2.1. These paths are the key ingredients for our
first application of the model to the cross-country convergence debate. We then consider
risk shocks in Section 4.2.2, the main driving force of our second application — the study

of income and consumption inequality over time.

Positive Aggregate Technology Shocks Consider first a permanent increase in produc-
tivity at time t = 0 from A* to A > A* which implies K > K*. From (43) it then follows
that the capital stock is monotonically increasing over time. Recall that Assumption 2
bounds the saving incentives for the high idiosyncratic productivity state along the transi-
tion by requiring g—z > 1, — p for all ¢ be satisfied.?? Further, recall from equations (34) and
(35) that wages and interest rates are given by r, = A, K/ ™' — § and w, = (1 — ) A, K?,

and thus wages and interest rates jump up at ¢ = 0 with productivity. Wages then exhibit

22In the absence of risk shocks, &, is constant over time and the second part of Assumption 2 then reads as

we > efi(ru=p)du (44)
ws
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further positive growth towards the new steady state whereas the interest rate declines to-
wards the new (and old steady state), both induced by the dynamics of the capital stock. A
sufficient condition for Assumption 2 to be satisfied then limits the size of the productivity-
induced initial increase in marginal product of capital (and thus the interest rate) at t = 0
by imposing an upper bound on the rise in productivity. The following result formalizes

this discussion.

Proposition 2 (Transition dynamics after a permanent productivity increase). Suppose As-
sumption S1 is satisfied and the economy is in the initial steady state with interest rate
r* < p. Now suppose at t = 0 productivity increases unexpectedly but permanently from
A* 1o A. Risk & and thus the saving rate § remains unchanged. Suppose that A < A where
the upper bound A satisfies

_ p— r*
A=(1+ — | > A", 45

(1+ o) )
Then equilibrium wage and interest rate processes jointly satisfy Assumption 2, the aggre-
gate capital stock is given by equation (43), the capital stock and the wage are strictly

increasing over time, and the equilibrium interest rate is strictly decreasing over time.

Since this result is a special case of Proposition 3 below, it will be proved there. Figure
F.1 in Online Appendix F displays the content of Proposition 2 graphically.

The previous argument to limit the size of the temporary increase in the interest rate
along the transition carries over to any weakly increasing (over time) productivity process,
as the next proposition shows. To state it we make the following assumption imposing the

upper bound A on the productivity process.”?

and since w; = wsef : %d“, as long as the first part of the assumption, % > r, — p for all ¢, is satisfied, so
is the second part. 4
23The upper bound A follows from the following consideration, to be made precise in the proof of Propo-
sition 3 in the Appendix. First, we can rewrite the first condition, equation (20) in Assumption 2 as
A
—E>(1=8) (re =) 41" —p, (46)
Ay
by exploiting 1y /w; = A;/A, + 0K,/K, and using the dynamics of aggregate capital in equation (30),
substituting $0 — 6 with §r* and rearranging terms. Since A; is increasing, K is increasing and r; <
F=A (K{;)e_l — 4, that is, the interest rate which would prevail at t = 0 if Ag = A. Note that 7 + § =

(A/A*) (r* +6). Since A; /A, > 0, equation (46) is implied by 0 = (1 — §) ((AJA*) = 1) (r* + &)+r*—p,
and thus by equation (45).
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Assumption 3 (Upper bound on the productivity increase). The productivity process { At}
is weakly increasing and satisfies A, < A for all t > 0 where the bound A is given by (45).

The following proposition, which is crucial for our first application on the speed of

international convergence of income per capita levels, then generalizes Proposition 2.

Proposition 3 (Transition dynamics after general productivity increase). Impose Assump-
tion S1. Assume that the productivity process { A}, satisfies Assumptions 0 and 3 and
income risk & remains unchanged. Then the dynamics_ of aggregate capital is given in (33),
the equilibrium wage and interest rate processes jointly satisfy Assumptions 1 and 2, and

capital is weakly increasing along the transition.

Negative Aggregate Technology Shocks When productivity declines, falling wages are
the main threat to the no-savings condition w; /w; > r; — p in Assumption 2. In fact, with
a one-time permanent decline this condition cannot possibly be satisfied since at ¢ = 0 the
growth rate of wages is infinitely negative. Intuitively, under the proposed allocation the
discontinuous drop in wages induced by the permanent productivity decline leads to an in-
stant drop in consumption ¢y, ; of the high-productivity wage earners, whereas consumption
of the richest capital owners c;; is continuous at ¢ = 0 and therefore exceeds ¢, at (or
close to) t = 0. A low productivity individual can then avoid the discontinuous (and thus
suboptimal) decline in consumption upon a reversal to idiosyncratic productivity by saving
into that state, invalidating the proposed allocation in Lemma 2 as optimal. Figure F.2 in
Online Appendix F displays this argument graphically.

Although any discontinuous decline in productivity will necessarily violate Assump-
tion 2, we now show that with a continuous decline in productivity the assumption is sat-
isfied as long as the productivity growth rate (and thus the wage growth rate) is not too

negative. This is the content of the next result, which requires the following assumption:

Assumption 4 (Lower bound on the growth rate of productivity). The growth rate ﬁ—i of

the productivity process { A}, satisfies ﬁ—z > r* —p.

Proposition 4 (Transition dynamics after a continuous productivity decline). Impose As-
sumptions 0, S1 and 4, and let Ay = A* and At < Oforallt > 0. Assume income risk
& remains unchanged. Then the equilibrium aggregate capital stock is given in (33), and

the wage and interest rate processes jointly satisfy Assumptions 1 and 2. Furthermore, the
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following log-linearly decreasing productivity path { A;} >0

H(T—t)-1{t>T}

t
log A; = log A* + T

<log A —log A*) (47)
with T' > 0 satisfies Assumption 4 if the parameters Aand T satisfy

log A* — log A

= <p—r*. (48)

The proof is in the Appendix. Proposition 4 states that in order to discourage agents
from accumulating capital for the high idiosyncratic productivity state, we need to bound
the growth rate of the productivity decrease. This insures that wages do not fall too fast,
otherwise even high-productivity agents would want to hold some capital to fund future
consumption in light of low future wages. Note that this requirement contrasts with the
case of a productivity increase for which we required a bound on the level of productivity
in Assumption 3 to limit the increase in the interest rate. The remainder of the proposition
gives a specific productivity path that declines over time and for which Assumption 2 is

satisfied, in order to demonstrate that the first part of the proposition is not vacuous.

4.2.2 Idiosyncratic Risk Shocks

Aggregate productivity shocks only affect households through factor prices, but do not af-
fect the decision rules given these prices. Therefore sufficient conditions for Assumption 2
to be satisfied are relatively easy to come by. In contrast, when idiosyncratic risk, as pa-
rameterized by &; changes, under the conjectured allocation the share of income consumed

by wage earners is altered as well, see equation (23) reproduced here

vV+p

EETAL (59)

Cht =

As before in the case of an aggregate productivity change, we need to rule out that indi-
viduals find it optimal to save for the high productivity state along the transition. If risk &;
increases immediately and permanently from £ to its new long-run value €att =0, then
consumption of high-productivity individuals in (49) declines immediately and discontin-
uously after ¢ = 0 whereas consumption of low-productivity individuals is continuous at
(since their capital path is continuous). As in the case of an aggregate productivity decline

this is suboptimal and can be avoided by saving into the good idiosyncratic productivity
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state, invalidating the proposed allocation as optimal.

Thus, to ensure the optimality of the consumption allocation we need to impose re-
strictions on the change in income risk. We first show in Proposition 5 that if income risk
declines permanently at time zero, then the no-savings condition is satisfied as long as
the decline is not too large (as made precise in Assumption 5). This is the equivalent of
Proposition 2 for an aggregate productivity increase. The assumption bounds the decline
in aggregate wages (relative to the increase in interest rates) to insure that savings incen-
tives remain sufficiently weak. Second, and more relevantly for our second application,
we show that if the increase in income risk &; is gradual enough (as made precise in As-
sumption 6), so that consumption of high-productivity individuals does not fall below that
of low-productivity individuals, then Assumption 2 remains satisfied and our equilibrium

characterization remains valid (see Proposition 6).

A Permanent Decline in Income Risk ¢ A permanent decline in income risk leads
to an immediate increase in the share of wage income that is being consumed by high-
productivity individuals, but lowers wage over time, potentially inducing currently high-
wage earners to save for the future. The following assumption limits the magnitude of the

latter effect.

Assumption 5 (Limit on the magnitude of decline in income risk).
p—T>E& —¢&. (50)

Equipped with this assumption the following result now follows. Key to establishing
it is to show that if the decline in productivity risk is sufficiently small, the resulting de-
cline in labor income of high-productivity individuals and increase of the interest rate is so
small that these individuals still do not want to save (conditional on making no productivity

transition).

Proposition 5 (Transition dynamics after a permanent decline in income risk). Suppose
Assumption S1 is satisfied and the economy is in the initial steady state with interest rate
r* < p. Now suppose att = 0 income risk declines unexpectedly but permanently from £* to
5 < &*. Aggregate productivity A remains unchanged. Furthermore impose Assumption 5.
Then equilibrium wage and interest rate processes jointly satisfy Assumptions 1 and 2, the
aggregate capital stock is given by equation (43), the capital stock and the wage are strictly

decreasing, and the equilibrium interest rate is strictly increasing over time.
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Gradual Increase in Income Risk ¢  Although an immediate and permanent increase
in income risk & will necessarily violate the no-savings condition in Assumption 2, as long
as the increase is gradual (enough), Assumption 2 remains intact. To make this formal, we

now state the following assumption.

Assumption 6. Suppose that the process {&; }1>o satisfies Assumption 0, is weakly increas-
ing over time and for all t > 0
&

—rr >+ ——
p §—¢ PR

where r* is the interest rate in the initial steady state and é is the income risk in the final

steady state.

Note that this assumption limits the speed of the increase in income risk, but it defines

a nonempty set of parameter values. For example, when the risk process satisfies
=&+ (68 e (51)

then Assumption 6 imposes an upper bound on the parameter x governing the speed of
adjustment from the old to the new steady state value.

A gradual increase in income risk &; introduces the complication that the saving rate s;
in the aggregate law of motion for capital (31) changes over time now, stemming from the
fact that time-varying risk induces equally time-varying precautionary savings behavior by
high wage earners, as evident from the consumption function (49). As a result, an explicit
closed-form characterization of the capital stock and interest rate dynamics is now more
difficult since (43) no longer applies and is replaced by (33). We can nevertheless establish
the following proposition:

Proposition 6 (Transition dynamics after a continuous increase in income risk). Suppose
Assumption S1 is satisfied and the economy is in the initial steady state with interest rate
r* < p. Now suppose att = O income risk increases unexpectedly and gradually from
& to é and satisfies Assumption 6. Aggregate productivity A remains unchanged. Then
equilibrium wage and interest rate processes jointly satisfy Assumptions | and 2, and the

aggregate capital stock is given by equation (33).

In the next section we show how our tractable dynamic macro model with partially

insured idiosyncratic income risk can fruitfully be applied to two substantive questions in
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macroeconomics. Here, we use our results to discuss the implications of the model for the
speed of convergence in income per capita of poor countries to that of rich countries in
Section 5.1. We then apply (in Section 5.2) our results on changes in income risk to the

debate about the relative trends in income and consumption inequality.

S Applications

5.1 The Speed of Convergence

So far we have characterized the transition path induced by a shock to productivity. This
begs the question of how rapid the convergence to the new steady state is, given the ex-
ogenous shock. We can think of the initial steady state as describing an originally poor
country that, all of a sudden, obtains access to frontier production technologies. The speed
of convergence question then asks how quickly such a country will catch up with frontier
economies. In an influential paper, King and Rebelo (1993) study the quantitative pre-
dictions of the standard representative agent neoclassical growth model for this question
and conclude that outside parameter values they consider implausible, that model implies
a speed of convergence that is too fast relative to the empirical evidence.?*

In this section, we analyze the ability of our model to generate a slower speed of con-
vergence, relative to the standard neoclassical growth model.”> Barro and Sala-i-Martin

(2004, p. 56) formally define the speed of convergence ; as

9 (Kt /Kt>

fe= = Olog (K:)

(52)
For a permanent increase in TFP, the thought experiment considered here, this statistic
measures how quickly the growth rate of capital (and thus income per capita) declines as
the capital stock converges towards its new steady state. Since the partial derivative is
negative, the minus sign in the definition turns the speed of convergence positive. The

following proposition analytically characterizes this statistic in our model.

Proposition 7 (Speed of convergence). Suppose Assumptions 0, 1 and 2 hold. Then the

speed of convergence in our model is characterized as follows.

24See Barro and Sala-i-Martin (2004) for further discussion of the neoclassical growth model and a sum-
mary of the empirical evidence on this question.
Z5For the purpose of this subsection we assume that income risk &, is constant over time.
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1. Along the transition

By = )§t (re+9). (53)

2. In the long run®®

B — f=(1-0)6. (54)

Thus, the speed of convergence in the long run is independent of the path for productiv-
ity A, or the risk of losing productivity £. Note that this proposition is general, in the sense
that the required assumptions are always satisfied whenever the conditions of Proposition 3
or Proposition 4 hold. The proof of this proposition is in the appendix.

We now contrast the speed of convergence in our model to that of the standard neo-
classical growth model. Since that model does not have a closed form solution despite the
lack of household heterogeneity, for a theoretical comparison we log-linearize it around
the steady state. No approximation is needed for our model since its speed of convergence
around the steady state is available analytically, as shown in the previous proposition. The
following proposition contains the result, whose proof is in the Appendix (and involves

tedious calculations to conduct the log-linearization of the neoclassical growth model).

Proposition 8 (Comparison of speed of convergence). Suppose a permanent shock raises
productivity from A* to A. Furthermore impose Assumptions 0, SI1 and 3. Around the
new steady state, our model exhibits a slower speed of convergence than the neoclassical

growth model if and only if

14 p+v
Ol1+—)|1+—F—=| <L 55
(+p+5><+ﬁ+5> (55)

Figure 3 plots the speed of convergence, both to show Proposition 7 in action and to
contrast it to the speed of convergence in the standard neoclassical growth model*’ char-
acterized in Proposition 8. The parameter values satisfy equation (55) and thus in the long
run our model displays slower convergence to the new steady state. Panels (a) and (b) differ
in the initial levels of capital in the two models. In panel (a), each model starts from its
own steady state capital stock which is lower in the neoclassical growth model since in that

model the steady state interest rate is » = p, whereas our model features partial insurance

26The expression in equation (54) is also the speed of convergence along the transition if one log-linearizes
the model around the new steady state.
2Online Appendix D.1.2 contains the computational details for the numerical solution of that model.
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and thus » < p. In panel (b), we instead assume that both models start from the same

capital stock, equal to the initial steady state capital stock in our model.

‘—KLU ----- Neoclassical Growth‘ ‘—KLU ----- Neoclassical Growth
r 09
T _ 0.8
o8 081 e | D]
0.7 Lo
0.6 \ ] 0.6 \
0 2 4 6 0 2 4 6
Time ¢t Time ¢t
(a) Starting from steady state (b) Starting from same capital

Figure 3: The figure compares the speed of convergence in our model and in the represen-
tative agent neoclassical growth model, following a permanent increase in productivity. In
each panel, the solid black line represents our model and the dotted blue line is the neoclas-
sical growth model. Productivity permanently increases from A* = 1to A = 1.2. Agents
have log utility and the parameters are 6 = 0.16,v = 0.2,p = 0.4,0 = 0.25,& = 0.2.

The figure shows that our model displays slower convergence than the neoclassical
growth model, both in the short run and the long run. As King and Rebelo’s (1993) classic
paper on this issue shows, the speed of convergence in the neoclassical growth model is
fast initially if the capital stock is far below its new long-run steady state level, as is the
case when there is a large permanent increase in productivity. Then the returns to capital
are temporarily very high, and the representative agent endogenously chooses a high sav-
ing (and thus investment) rate early in the transition. In our model, akin to the classical
Solow model, the saving rate of those making positive saving decisions is endogenously
chosen to be constant. Thus convergence is slower in the short run, and, with the inequal-
ity in Proposition 8 satisfied, also in the long run. As King and Rebelo (1993) and Barro
and Sala-i-Martin (2004) argue, the neoclassical growth model implies unreasonably fast
convergence for commonly used calibrations. Thus our model can potentially alleviate
this “fast convergence puzzle,” as long as the parameter restrictions in Proposition 8 are
satisfied.
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5.2 Increased Idiosyncratic Income Risk and Consumption Inequality

Over the last 40 years income inequality has risen substantially (see, e.g., Heathcote et al.,
2023), and a large literature has attributed a significant part of this rise to increased house-
hold income instability (see, e.g., Krueger and Perri (2006) and Gottschalk and Moffitt,
2009). In this section we use the model to study the relationship between income risk and
consumption inequality along a transition induced by increased idiosyncratic risk, that is,
by a gradual increase in the parameter &; over time.

To this end, suppose the idiosyncratic productivity process is given by equation (51),
that is, income risk as parameterized by &; starts from the initial steady state value of &*
and increases over time to §~ > £* at a speed given by . To frame this discussion, note that
the cross-sectional dispersion of idiosyncratic labor productivity, and thus labor income, as

measured by the variance of z is given by?®
Var,, = (1 - Up,) (0= 1>+ 0, (¢ — 1) = ¢ — L. (56)

As income risk &, gradually increases, the share of high-productivity individuals W , de-
clines® and their productivity (; rises. Thus, cross-sectional income inequality Var, ; in-
creases as well. The thought experiment is then an (unexpected before time ¢ = () mean-
preserving spread in labor productivity whose size is increasing over time. We now study
how consumption inequality evolves along the transition induced by this income risk shock.
It follows from Proposition 1 that the capital stock is higher and the interest rate is lower
in the final than in the initial steady state. Along the transition, idiosyncratic risk and thus
cross-sectional income inequality increases, precautionary savings incentives rise and the
capital stock and aggregate wage gradually increase whereas the real interest rate falls.

In contrast to the two-point income distribution, the consumption distribution is com-

28Using the assumption that average labor productivity is equal to 1, that is, Uy, ;(; = L; = 1.
2The share of high-productivity individuals shifts slowly from its initial steady state value towards its new
steady state value and can be calculated to be

t *
Uy =1— ¢ JoEtrds / elo Cutr)dug s 4 ¢ .
' 0 & +v

If income risk changes immediately and permanently from £* to §~ , then ¥, ; is given by

t * s *
R Al (G A 0L R ): v £ & ) ey
Upe=1-e (f/oe d$+£*+y £+V+<£+V ol K .
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posed of a mass point W, ; at ¢, as well as a full consumption density below this mass
point. A complete description of the consumption distribution is the Lorenz curve whose
evolution we will plot below. One summary statistic that is especially tractable is the rel-
ative per-capita consumption of high labor-income households ¢, ; = Cj /U, to that of

low income individuals ¢;; = C; /¥, ;. We denote this statistic by ¢.; and it is given by?*

Gy (=0 P (1-6) (r,+9) G-1. &7
Cre/Pre  (p+v)K/(1— Ppy) 0 (p+v+&) "t

Spc,t

In steady state, this statistic becomes

(1-0)(C—1)(r+8)  (1-002  (1-0)(p+v+50)

b+ bptv+E v((pt+v)/E+1)

which is strictly increasing in £. Thus, in the long run, in response to an increase in income
risk, consumption per capita of the income rich rises relative to the consumption of the
income-poor. The share of the consumption-rich falls, and consumption among the income-
poor becomes more dispersed, with a fatter left tail of the consumption distribution, since
with a lower interest rate, consumption of low-productivity individuals drifts down more
rapidly than in the old steady state.

Figure 4 plots relative consumption of the income-rich ., along the transition, to-
gether with the dispersion of labor productivity (and thus income). It displays the increase
in consumption inequality, following that of income inequality in the long run. However,
it also shows that consumption inequality temporarily declines in the short run, as high-

productivity, high-consumption agents increase their savings rate (and thus reduce their

pt+v
prv+Et

the elevated income risk. This effect, in the short run, dominates the higher income stem-

consumption rate oy = ) to engage in larger precautionary saving to hedge against
ming from gradually increasing individual productivity and aggregate wages.

These developments are reflected in the Lorenz curve plotted in Figure 5. Panel (a)
shows the Lorenz curve in the initial and final steady state as well as in two different in-
stances along the transition, and Panel (b) displays the deviation from the initial steady state
Lorenz curve. The figure shows that in the long-run the Lorenz-curve unambiguously shifts
further away from the 45-degree line, indicating an increase in consumption inequality. In

the very short run the decline in relative consumption of high-productivity individuals mit-

30We have used Assumption 0 which implies that % =1/®p, — 1= ( — 1 from the normalization
of effective labor to L; = 1. 7
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Figure 4: Income dispersion and consumption inequality (measured by . ;) along the tran-
sition. Agents have log utility and the parameter values are A = 1,6 = 0.16,v = 0.2,p =
0.4,60 =0.25,&£ = 0.2, = 0.25, kK = 1. The evolution of &, is given by the process in (51).
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Figure 5: Lorenz curve for three periods along the transition induced by a change in income
risk. Panel (a) shows the Lorenz curves themselves, and Panel (b) shows the deviation from
the initial steady state. Parameter values are the same as in Figure 4.

igates this long-run trend. As a result, the Lorenz curve early in the transition®! lies inside

the one of the initial steady state, although quantitatively this effect is small.

31Specifically, ¢ = 0.82 is the instant in which relative consumption ¢, ; is smallest.
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6 Conclusion

In this paper we have analytically characterized the transition dynamics in a neoclassical
production economy with idiosyncratic income shocks and limited commitment. When
income can only take two values one of which is zero (i.e., unemployment) and the utility
function is logarithmic, the transition path induced by an unexpected productivity shock or
a change in idiosyncratic income risk can be given in closed form, both for the macroeco-
nomic variables as well as the consumption distribution which displays partial consumption
insurance against the idiosyncratic income shocks. We have then traced out the implica-
tions of the model for two applied transition questions, the speed of convergence of an
initially poor economy to a new, high TFP steady state, and the evolution of consumption
inequality in response to an increase in idiosyncratic income risk.

Given the theoretical results in this paper, we think that two immediate next questions
are worth studying. First, owing to the use continuous time, the characterization of the op-
timal consumption allocation is analytically tractable for a general /V-state Poisson process
(as we demonstrate in Krueger and Uhlig (2025) in steady state), and it would be useful to
generalize our transition analysis to this more general case, even though the aggregate law
of motion will not be available in closed form.

Second, this paper has focused on an environment with idiosyncratic risk, but no aggre-
gate shocks, rendering the macroeconomic dynamics deterministic. Given the sharp ana-
lytical characterization of the equilibrium in the absence of aggregate shocks, the economy
with aggregate shocks is at least partially analytically tractable as well, as we demonstrate

1.32

in Ando, Krueger and Uhlig (2023) in a discrete-time version of this model.” Pursuing this

agenda further seems an important topic for future research.
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APPENDIX

A Proofs of Propositions in the Main Text

Proof of Lemma 1. Let 1+ > 0 denote the Lagrange multiplier (LM) on the budget con-
straint (8), A the LM on the borrowing constraint (9), and w > 0 the LM on the constraint

k > 0. Then the Lagrangian for the maximization problem in Definition 1 is

L=u(c)+ U, (k;2) + U, (ks 2) @ + pay (Ut (l;;; 2) — Uy (k; z))
~ ~ (A.1)
— i (c+x+pz7t <k:—k> —rtk:—wtz> + \x + wk.
The FOCs wrt to ¢, k and k are
W (e) = Uf (ks 2) = p= AU (R 2) = = == (A2)
pz,t

Consider an agent with £ > 0. In this case, condition (9) does not apply and A = 0. Then
the FOCs imply «’ (¢) = U/ (k; z). When productivity stays unchanged for a small interval
of time, we differentiate both sides wrt time ¢ and use fct = x to obtain

u'(c)e=Ul (k;2) + U/ (k; 2) z, (A.3)

Oct(k;z Oce(k;z . . _ O2Us(k;z : . _ O2Ui(ksz
dhiz) | Delksz) p (s 2), UL (ks 2) = 2982 and U (ks 2) = 20k

Differentiating the objective in equation (7) wrt the state k, we get the envelope condition

where ¢ (k; z) =

pU/ (k; z) = Ut’ (k;2) + U/ (k; 2) & — p. Ul (k; 2) + p (Do +74) - (A.4)

Using the FOCs at k£ > 0 and equations (A.3) and (A.4), we have pu’ (¢) = u" (c)¢ +
u’ (¢) r. Hence, we get the consumption dynamics (17) for &£ > 0 under log utility.

When z = 0 and k; (k;0) = 0 forall k < k and some k, the consumption dynamics (17)
and the budget constraint (8) can be rewritten as the linear system of differential equations*?

¢ = (ry —p) e and k, = (ry + v) ky — ¢, in the unknown functions ¢; and k; with the

3 Note that equation (17) implies ¢, = el (ru=p)duc, A Jess formal, but more meaningful argument in

terms of economic theory is thus to recognize that the budget constraint and utility maximization implies that
the current capital k& is equal to the net present value of all future consumption, as long as the productivity
state stays unchanged. This yields k = fjoo e Jotrutv)due qs — ¢,/ (p+v).
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boundary condition** tliin k, = 0, provided k, < k for all . Such a system of linear
—+o00

ODEs has a unique solution. With z, (k;0) = ke, it is easy to verify that the solutions are
(18) and (19). The solutions are valid, as long as the implied path for k, for s > ¢ does
not cross the upper bound , since (19) is ke = (ry — p) k and since r;, < p fort > T per
Assumption 1. This will be true for all &, € (0, l?:) and some suitable k. [

Proof of Lemma 2. The lemma is a version of Section 3.3 in the Online Appendix of
Krueger and Uhlig (2022), generalized to the case when wages and interest rates are func-
tions of time. Rather than replicating the steps, here we provide the logic of the argument
and point to the results and proofs in Krueger and Uhlig (2022) for the details. For a high-
productivity agent, the Lagrangian, first-order and envelope conditions are as in the proof
for Lemma 1 (see (A.1), (A.2) and (A.4)) but applied to £ = 0, 2 = (;, and p, ; = &;.

1. We first consider the choice of k. The solution in Lemma 1 implies that

- ~ 1
U, (k;O) = ( p+v k:) =
t +0E) =
and increases to infinity, as k — 0. The third first-order condition (A.2) thus implies
that & > 0 and thus w = 0. With the first and third first-order conditions in (A.2),
we obtain consumption smoothing u’ ((p +v) /~c> — 4/ (¢) and thus (p+ )k = c.

Therefore (23) follows from the budget constraint (8), provided that = = 0.

2. We then show that > 0 is not optimal. Suppose otherwise, x > 0 were optimal,
then (p + v) k = c together with the budget constraint (8) implies that ¢; < aCwy,
i.e., consumption is less than the right-hand side of equation (23). Furthermore,
constraint (9) would not be binding, A = 0, and consumption growth would satisfy
equation (17). Let [¢t,t + A] be a “short” time interval of length A > 0, during which
this is the case and along a path where no productivity switch occurs. Assumption 2
then implies ¢s < a,(;w, during the interval s € [t, ¢ + A], i.e., consumption is less
than the consumption level proposed in equation (23) of Lemma 2 for that episode.
The integral of utility during that time interval is then smaller than the utility of the
solution proposed in equation (23) of Lemma 2. This loss in utility can only be justi-
fied by the additional utility gained from consuming the accumulated capital after a

switch to lower productivity for s > 0, or alternatively, for s > A in case there is no

34The boundary condition ensures that no capital gets wasted and this follows from utility maximization.
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switch to lower productivity. This amounts to postponing consumption compared to
the solution proposed in Lemma 2. But this contradicts the impatience of the agent
relative to wage growth, as expressed in Assumption 2. A precise formulation of that
contradiction requires replicating the arguments in Section 3.3 of Krueger and Uhlig

(2022), allowing for the additional time evolution of 7, and wy.

For a low-productivity agent, given his consumption dynamics in equation (17) and the

consumption of a high-productivity agent in equation (23), we have

t t
Tu—p)du — —7y)du
Csit = efS( 2 Cs,s = Ch,s€ Js (p=r) .

Hence, the consumption of a low-productivity agent is given equation (24). [

Proof of Lemma 3. We use the notation ¢; (¢ — s, t) instead of ¢/, ; (t — s) in equation (29)
to denote the density of the low-productivity agents with length of time ¢ — s > 0 since the

last transition from high to low productivity. Differentiate both sides of (29) wrt time ¢,

t
Ky = kit (0,1) + / (ot (£ = 5,8) + Koy (9t (£ = 5,8) + Din (£ = 5,1)) ) .
- (A.5)
Equations (27) and (B.3) (see Lemma B.2 of Online Appendix B.2) yield

1—Oét

&

l{?tﬂﬂ/}l (O, t) = thtét\ljh (t) = (1 — Oét> thtqjh (t) = (1 — Oét) We. (A6)

The last equality uses the normalization in (2). Rewrite equation (19) with /%;s,t = x4 as
For = (rr— p) ks (A7)

Substituting equations (B.2) (see Lemma B.2 of Online Appendix B.2), (A.6), and (A.7)

into equation (A.5), we get

K, = (1 —ay)w + / ((re — p) kssthy (t — s,t) — vkt (t — s,t)) ds

—0o0
t

= (1—Oét)wt+(7“t—,0—v)/ ks (t — s,t)ds

= 1—a)w+ (ry—p—v) Ky,
= (]_ — O{t) (1 — 9) Ath + (QAth_l — 5 — p — V) Kt = §tAth9 — 5Kt
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where the third line above uses the expression for aggregate capital in equation (29), the
fourth line above uses the wage and interest rate in equations (34) and (35), and 5; and 5

are defined in equation (31). ]

Lemma A.1. Fixing risk &, consider any productivity process {At}tzo such that in equilib-

rium, the aggregate capital evolves according to equation (30).

e« If A, > A* and is weakly increasing for all t > 0, then r, > r* and K, > 0.

o If A, < A* and is weakly decreasing for all t > 0, then r, < r* and K, < 0.
A* and r* are the productivity and interest rate in the initial steady state, respectively.

Proof. 1t suffices to show this for the first case of an increasing A;, since the proof for the

second case of a decreasing A, is entirely symmetric.

_1
With constant &, we define the function K (4;) = (%) """ where 5 = 5, and § are
given in equation (31) of Lemma 3. Then K (A) is the steady state capital under constant
productivity A. From equation (37), the initial steady state interest rate is r* = 9% — 9.

Substituting equation (34) into equation (30), we get

K,

. . 8 s
i SAKITN -6 = 5(7“t +6) — 0. (A.8)
Then it follows that
> = K >0 = K, < K(A4). (A.9)

For any t > 0, consider the solution f(t to the ODE (A.8) starting at f(o = K, but with
Ay = Apfort € [0,1] instead. It is clear that K, < K (A;): convergence to the new
steady state K (A;) for A, = A; does not happen in finite time and is strictly monotone,
as one can see by examining the solution in (43). Given any ¢ € [O,ﬂ and any K, we
have Kt < l;(t, since the right-hand side of (A.8) weakly increases, when A; is replaced
by A;. Since Ky = K, = K*, this implies that I, < K, for t € [0,#]. In particular now,
K; < K; < K (4;) and we must have r; > 7* as well as K; > 0 per equation (A.9).%
Since ¢ > 0 is arbitrary, this establishes the claim. 0

Proof of Proposition 2. The productivity process {At}tzo satisfies Assumptions 0 and 3.

Then following the proof of Proposition 3 below, the dynamics of aggregate capital is given

35 An alternative way to see this is to examine the closed-form solution (33).
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in equation (33), aggregate capital K; is strictly increasing over time, and Assumption 2

holds in equilibrium. With a permanent increase in productivity, $; = § = 1 — a + af with

o =

ptv

prev Then equation (33) reduces to

C(1-6)5t ( pery1-0, SA t Se—(1=0)5(t=7) -
K, = |e (K" + ; (1—0)0de dr
0

— | (1=0)t (K*>179 X <1 B e_(1_9)5t> <K>10] = |

where the last line above uses the expression for steady state aggregate capital in equa-

tion (37), and K is the aggregate capital in the final steady state.

Since the aggregate capital K is strictly increasing over time, the interest rate r; given

in equation (34) is strictly decreasing over time and the wage w; given in equation (35) is

strictly increasing over time. [

Proof of Proposition 3. We proceed in two steps. We first conjecture Assumptions 1 and 2

hold and use the upper bound A in Assumption 3 to obtain an upper bound for the interest

rates along the transition path. We then verify the conjecture by showing that the upper

bound for interest rates is sufficiently low for Assumptions 1 and 2 to hold in equilibrium.

1.

Conjecture that Assumptions 1 and 2 hold. Then Lemma 3 (together with Lemma H.5
of Online Appendix H.3) implies the aggregate capital dynamics in equation (33).
Let 7 be the equilibrium interest rate that would prevail if capital was at its initial
steady state value K, = K, = K* and productivity was at its upper bound A in
equation (45). Using the expression for interest rate in equation (34), we get

F=0AK")" =6 4 8) =0, (A.10)

:E(

where A*, K*, and r* are the productivity, aggregate capital, and interest rate in the

initial steady state, respectively.

Lemma 3 implies (30). Lemma A.l implies r, > r* and Kt > 0, Vt > 0. Hence, K,
is increasing and K; > Ky = K* for ¢ > 0. Comparing equations (34) and (A.10),
we get r, = 0A,K?~' — § < 7, i.e., 7 is an upper bound for interest rates along the

transition path.
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2. We then verify the above conjecture. Assumption 0 and the steady state interest rate
in equation (37) imply tli+m ry = 9% — 0 = r*. Assumption S1 and Lemma B.4 of
—+00

Online Appendix B.4 implies * < p. Hence, Assumption 1 holds in equilibrium.

Using the expression for wage in equation (35) and the aggregate capital dynamics
in equation (30), we compute

wt ét At Kt At A A N

— + = —r=—+0— —rp=——(1—- o — 6o

wt+ t+p Ty At+ Kt+p Uiy (1=8)r +s5 +p
> 0—(1—=8)r—5"+p

= (1-39) (5_ (1+ (r*eré_)(Tl*—é)) (r*+5)) +(1=8)r +p—1r"=0,

where the third line above uses equations (A.10) and (45). Hence, condition (20) of
Assumption 2 holds. Next, we prove that condition (20) implies condition (21).
With constant risk ¢ and thus ¢, condition (21) becomes log (w;) > log (ws) +
[ (ry — p) du. Define the function f (s,t) = log (ws) + [ (r, — p) du. Then con-
dition (20) implies

of (s,t) W

=—"4p—r,>0,
Js W, P

and thus condition (21) of Assumption 2 holds. Taken together, Assumption 2 holds

in equilibrium.
[

Proof of Proposition 4. WLOG, we focus on the case where A; is strictly decreasing at
t = 0 and weakly decreasing for any ¢ > 0.’ Conjecture that Assumptions 1 and 2 hold
in equilibrium. Then Lemma 3 gives the dynamics of aggregate capital in equation (33)
and implies Assumption 1. Combining the expression for wage in equation (35) with the

dynamics of aggregate capital in equation (30), we calculate

b i, K A 5
%+§+p—n:—t+9—t+p—rt:j—(l—é)rt—§<9§—5>+p
t

3For the case where Ay is constant for t € [O, f) and strictly decreasing at t = ¢ with £ > 0, the economy
will remain at its initial steady state for ¢t € [0, f). Then we just need to show the transition dynamics for
t > t, the proof of which is the same as the case where A, is strictly decreasing at ¢ = 0.
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where the last inequality above uses Assumption 4. Hence, condition (20) of Assumption 2
holds and the proof for condition (21) of Assumption 2 follows the proof of Proposition 3

above. O]

Proof of Proposition 5. Conjecture that Assumptions 1 and 2 hold. Then Lemma 3 gives
the dynamics of aggregate capital dynamics in equation (33) and implies Assumption 1.
With a permanent decrease in income risk, §; = 5=1—a+al witha = pi ¥ Then

equation (33) reduces to

1
-0

Kt _ e—(l—@)St (K*)l—e SA

(1—9) de~(1=0)(t—r )dT]
0

1
= e*(179)3t (K*)I—G + (1 . 67(179)&) ([N() 1—0:| 1-6 |

where the last line above uses the expression for steady state aggregate capital in equa-

tion (37), and K is the aggregate capital in the final steady state. Since §<§= _ﬁ’ the
expression for steady state capital in equation (37) implies K < K*. Then the closed form
solution in equation (43) implies the aggregate capital K is strictly decreasing over time,
and thus the interest rate r, given in equation (34) is strictly increasing over time and the
wage w; given in equation (35) is strictly decreasing over time.
Next, we verify condition (20) of Assumption 2.
G U (t) | K
—t — H—L —
wt+ +p—rr= ‘Ifh(t)+ Kt—l—p Ty
\Ilh (t) ( x x a
_ —(1- ) 35— 06
"y, 0 s)ri+s +p
> f—¢— (L—@f+§&—%+p
£+

- ¢

p—r >0,

where the first line above uses the expression for wage in equation (35) and the normaliza-
tion in equation (2), the second line above uses the expression for interest rate in equa-

tion (34) and the dynamics of aggregate capital in equation (30), the third line above

Iu(t) _
‘I’h (t) o

uses equation (B.1) in Lemma B.1 of Online Appendix B.1 (which implies —
E+v

TG [é —&, O)) and the fact that r, is strictly increasing over time, and the
€
£—¢

fourth line above uses the expression for steady state interest rate in equation (37) and
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Assumption 5.

Finally, we prove that condition (20) implies condition (21). With a permanent decrease
in income risk, & < &, Vs < t. Then a sufficient condition for (21) is log (Gw;) >
log (Csws) + f: (ry — p) du. Define the function f (s,t) = log (Cws) + f; (ry — p) du.
Then condition (20) implies

0f (s,t) ¢

=—4 = — 1y >0,
05 —l—cs—i-,o r

and thus condition (21) of Assumption 2 holds. Taken together, Assumption 2 holds in

equilibrium. 0

Proof of Proposition 6. Conjecture that Assumptions 1 and 2 hold. Then Lemma 3 gives
the dynamics of aggregate capital dynamics in equation (33) and implies Assumption 1. To
verify Assumption 2, we prove the following sufficient condition for (21): ¢, as a function

of s, is increasing in s. Define the following monotone transformation of c; ¢

t
[ (s,t) =log (css) — log (p+ v) =/ (14 — p) du +log ¢s + log ws — log (p+ v + &) .

Then
Of (s,t s 3
e c+__ ¢
Js Cs Wy /0+V+£S
v K, &
= —re+é&+v——4+0— — ————
P : 5 v \Ilh(s) Ks p+V+£s

9K5+ + &+ - 3
T —Ts s v— -
KS P qjh(oo) p—|—l/—|—5s

&
> (p—1")— (f £+ m>>0>

where the second line above uses the expression for wage in equation (35), the normaliza-

v

tion in equation (2), and the dynamics of the population share implied by equation (B.1)
in Lemma B.1 of Online Appendix B.1, the third line above uses Assumption 6 (which
implies W, (t) > Wy, (00),Vt > 0), and the fourth line above use Lemma B.3 of Online
Appendix B.3 and Assumption 6. Hence, % > 0, Vs < t,1.e., csy, as a function of s,

is increasing in s. This further implies condition (20) given Assumption 6. Taken together,
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Assumption 2 holds in equilibrium. O

Proof of Proposition 7. From Lemma 3, we rewrite the dynamics of aggregate capital in
equation (30) as .
K .
b= 5, A0 Dlos K _ 5 (A.11)
Ky

Thus, the speed of convergence defined in equation (52) is

) (Kt /Kt>

= Bl ()

. 4 1-0,
= (1—9) StAthe L= Tst (Tt—i-(S),

where the last equality uses the interest rate in equation (34). Corollary 1 and the expression

for steady state interest rate in equation (37) imply r, — 7 = 6 1113 = 0 and thus (54)

t—+o0

holds. ]

Proof of Proposition 8. Let 3V and 3 denote the long-run speed of convergence in the
neoclassical growth model and the Krueger-Li-Uhlig model, respectively. According to

equation (D.1) in Online Appendix D.1.3 and Proposition 7,

e (P +4(22 = 8) (1-0)(p+8)" —p
5 ,
B = (1-06=0-0)0+p+v).

We want to find the necessary and sufficient condition for 3 < V. Note that both coeffi-

cients are positive. Then

B<pVY = (p+2(1—9)((5+p+1/))2<p2+4(pTT5— )(1—9)(p+6)

—= p+p+v)+ (@ +p+r)(1-0)< (pTJfé— )(p+5)

= (45Dt (04540 (1= 6)) < (p+0) 5 (o451 —0))

= 0 (1 + L) (1 + %i?(il—_e?)) <1

v p+v
— 0|1+ —— 1 < 1.
(+p+(5)< +1—f°9+5>
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ONLINE APPENDIX

B More Proofs

B.1 Lemma B.1 and Proof

Lemma B.1 (Population share of low-productivity agents). Under Assumption 0, the pop-

ulation share of low-productivity agents at time t, denoted as V; (t), follows
Uy () + (G +v) (1) =& (B.1)

Proof. We provide a heuristic derivation. Over a “short” time period of length A, U, (¢)

evolves according to

\I/l (t + A) == (1 - Al/) \I/l (t) + Aft (1 - \I/l (t))

U, (t+ AA) — Wy (t) = v (t) +& (1 =T (1) .

Taking the limit as A — 0, we get equation (B.1). [

B.2 Lemma B.2 and Proof

Lemma B.2 (Density of low-productivity agents). Let v, (7,t) denote the time-t density of
the low-productivity agents whose last transition from high to low productivity occurred at

time t — 7. Under Assumption 0, 1, (T,1) satisfies

wal (Ta t) + 8t¢l (7—7 t) = _le (7—7 t) aVT 2 0, (B2)
Y (0,t) = &V (), (B.3)

where Uy, (t) = 1 — W, (t)*7 is the population share of high-productivity agents at time t.

Proof. We provide a heuristic derivation. Define

Gy (r,1) = / () day € [0,1), (B.4)
0

37y, (t) is also denoted as Wy, ; in Section 2.1.
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which is the time-¢ share of the low-productivity agents whose last transition from high to
low productivity occurred between time ¢ — 7 and t.
We first derive the dynamics of G (7,t). Over a “short” time period of length A,

G (7, 1) evolves according to
G (rt+A)=(1—-Av)G (T — At) + ALYy, (), VT € [0,¢],

which implies

Gl(T7t+A)_Gl(7—at) o GZ(T_Aat)_Gl(Tat)
A B A

—vG (T — At) + &V (t) .
Taking the limit as A — 0, we get
0.Gy (1,t) + 0,Gy (1,t) + vG, (1,t) = &V, (1), (B.5)
and thus, by the definition of G, (7, ) in equation (B.4), ¢, (T, t) satisfies
Oy (1,t) + Oy (1, 1) = —vy (1,t) , V7 > 0.

We then compute the density v (7,t). Equation (B.5) is a linear first-order PDE, which
can be solved as follows. Define m (7,t) = T and n (1,t) = t—7, with h (m (7,t) ,n (7,t)) =

G (7,t). Using the chain rule, we have

OGy(r,t)  OhOm OhOn  Oh  Oh

or  omor onor om  on
0Gi(1,t) _ Ohm _0hon _ Oh
ot  Om Ot on ot on’
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Substituting the above into equation (B.5), we get

oh (m,n
OUIT) 4 b o) = G + )
= h(m,n)=e""h(0,n)+ e”m/ e unVh (u+n)du
0
= Gl (7-7 t) = e—m’/ eyu§u+t_7\11h (U +t— 7') du, VT € [0, t]
0
= i(1,1) = —vGi (7, 1) + &V (1)

_ T burir Wy (u+t—7)
+e7T e i Uy (u+t — + du,
/0 5 +t h ( 7—) <§u+t7— \Ilh (u + t— 7_)

V1 e [0,1].

Then for 7 = 0, ¢, (0,t) = &V}, (t). Also note V7 € (¢, +00), the density is the stationary

density in the initial steady state, i.e., 1, (7,t) = ér—"ye_”, VT > t. O

B.3 Lemma B.3 and Proof

Lemma B.3. Let the initial capital stock Ky = K* be given by the capital associated with
the steady state interest rate r* < p and let Assumptions 0-2 and 6 be satisfied. Then the

aggregate capital is increasing over time, i.e., Kt >0,Vt>0.

Proof. We first prove that K; > 0 for ¢ € (0, ¢) with a sufficiently small ¢ > 0. Suppose
otherwise, K; < 0 fort € (0, €) for some small £ > (. Using the dynamics of aggregate
capital in equation (30) of Lemma 3 and the expression for interest rate in equation (34), we
get % = 5 AKP! — o= % (ry +0) — 6. Since §,, defined in equation (31), is continuous
and monotonically increasing over time under Assumption 6, we have r; < r*, Vt € (0, é).
Then the expression for interest rate in equation (34) implies K, > K*, Vt € (0,¢), a
contradiction.

We then prove that K, > 0,vt > 0. Suppose otherwise, then 3¢ € (0, +-00) such that
Kt = ( at t = {. Without loss of generality, let { denote the first time K + = 0, which means
K, > 0,Vt € (0,f) and K;, 5 < 0 = K;, o < K; for a sufficiently small A > 0.

Kivn -1 _ 3 _ K _ 0-1 _ %
Then from Kron = siraAK; L \, —0 <0 = = siAK]™" — 0 and s; < sp A, We get

K; A > K;, a contradiction. ]
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B.4 Lemma B.4 and Proof

LemmaB4. 7 () < p <= x (&) > 0, where r (§) is the steady state interest rate defined
in equation (37) and x (§) is defined in equation (38).

Proof. Using the definition of 5 (£) and § in equation (31) of Lemma 3, we can rewrite the

steady state interest rate r (£) in equation (37) as

0 v+ =S -0)
5© E+0(p+v)

Then we have

x () >
9(p+V+€)V<€( —0) (p+9)
0(p+v+&(p+v)<&d—-0)(p+0)+0(p+rv+8)p
Olp+v)(ptv+8—06(1-0) _

E+0(p+v)
r(§) <p.

[

C Derivations of the Optimal Consumption Allocations
Using “Simplified” HJB Equations

In this section, we derive the optimal consumption allocations, assuming the high-productivity
agents do not save.

For a high-productivity agent, his HIB equation is
pUf = maxu () + & (UF (k) = U) + 0.
His FOC (with log-utility) is thus

1 out
Ct N ok

k=k:

wth

where k, =  (implied by the budget constraint).
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For a low-productivity agent who owns capital k; at time ¢, his HIB equation is

L _ H _ 7L aUtL (k) 7L
pUS (k) = maxu (¢;) + v (U = U} (k) + % e+ Uy (k).
“ k=k¢
His FOC (with log-utility) is thus
L
! U, (k) , (C.1)
Ct 8/{: k=K,
and the envelope condition is
L L (L 277L k TL k
Ok |1, ok |, ok* |k ok |y,
Differentiating both sides of equation (C.1) wrt time ¢, we get
& 0PULE (k) UL (k)
At 2 A : C3
2 o | LT Tk | (€3)

Substituting equations (C.1) and (C.3) into the envelope condition (C.2), we get

Ct
— =Tt —p.
Ct

Together with the budget constraint, we get the following linear system of differential equa-

tions

Cy
— = Tt=p
(&7

j{ft = (Tt‘l‘V) ]{ft—Ct,
which has the unique solution®®

o = (p+v)h, (C4)
ift = (Tt — p) kt. (CS)

381t is straightforward to verify that equations (C.4) and (C.5) solve this system of equations. We show the
uniqueness of the solution using the boundary condition , li+m k; = 0, provided k; < k for all t. See the
——+o00

proof of Lemma 1 for details.
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This is exactly the optimal consumption allocation of the low-productivity agent in equa-
tions (18) and (19) of Lemma 1.

Finally, we derive the optimal consumption allocation of the high-productivity agent
using the continuity of consumption. Equation (C.4) implies that a newly unproductive
agent consumes ¢; = (p + v) k., and recall k, = % from the continuity of consumption

and the budget constraint of the high-productivity agent. Taken together, we get

WG — ¢
a=(p+v) —£ = ¢ = Gy,
t
where a; = %. This is exactly the optimal consumption of the high-productivity agent

in equation (23) of Lemma 2.

D Details of the Speed of Convergence Analysis

D.1 Neoclassical Growth Model

In this section, we consider the neoclassical growth model with a representative agent and
complete market in continuous time. We first derive the speed of convergence along the
transition using the definition in equation (52) and then compute its long-run value by log-
linearizing the model.

D.1.1 Setup

There is a representative agent with utility function
“+oo
/ e P (Cy) dt,
0

¢ "-1 The production technology is

l1—0o

o

where u (¢) =

Y, = AK]L,

Ci+1; =Y,
Kt:]t_(SKta
Ctz())KtZO)
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where A;, Y;, K;, C}, I; are the productivity, output, capital stock, consumption, and in-
vestment at time ¢, respectively. The economy is endowed with capital K at time ¢ = 0
and there is unit labor supply L; = 1.

The first-order conditions give the interest rate and wage

re = HAthil — 5,
These yield the following consumption and capital dynamics

C,  p—r OAK!T' —p—6

C, o o ’

Kt - Athg - (SKt — Ot.
In the initial steady state with productivity A*, aggregate capital and consumption are

fA* \ T
K* = ,
(p+5)

C* = A" (K*)" - 6K,

D.1.2 Numerical Solution of the Speed of Convergence

We consider the transition dynamics under the productivity process {A;},.,. Let s; denote

the savings rate at time ¢. By definition,
Cr=(1—-s)Y=(1—s5)AK
This implies

Kt = StAthe — (5Kt
Kt ri +0)

-— = StAth_l —(5: St(

%, 5 — 0 =s(logKy) Agel0—Dloeke _ 5

where we view the savings rate as a function of log capital, i.e., s, = s (log K}).

Using the definition in equation (52), the speed of convergence can be expressed as

-0 _ Os(log Ky)re +6

_ . 0—-1
5t = (1 0) StAth 9 St (Tt + 5) alog Kt 0




In Figure 3 of the paper, we compute the above expression numerically.

D.1.3 Speed of Convergence in the Long Run

In this section, we derive the speed of convergence in the long run for a particular produc-
tivity process: at time 0, productivity increases unexpectedly but permanently from A* to
A, asin Proposition 2.

We first log-linearize the model. Note that

ledgth _ Ae_(l_e) log Kt 610g<%> . 57
dlog C 1 ~
28; t_ g <9A€—(1—9)logKt —p— 5) )
In the new steady state, where dlofth = ‘“Odgt Ct — (), we have

~ o * %k
Ae—(l—@)logK . elog(g**) -4

91216_(1_9)1(%[(** — p+5,

)

where C** and K** denote aggregate consumption and capital in the new steady state (un-

der productivity level A. Taking a first-order Taylor expansion, we get

R
dlog Cy . (1 . 0) pTJr(s 0 log( *t*) .

dt C

ax

Let € denote the eigenvalues of the first matrix on the right-hand side, i.e.,

p—e G-
det 0.
¢ [-(1-9)/)—“ e

g

This implies

2e:pi(p2+4(pTT5—5) (1—0)p+5)2.

g

Let €, denote the positive root and €5 denote the negative root, then

log K; = log K** 4 1)1e!" 4 1)pe?’.
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11 = 0 must hold and v, is determined from the initial condition
ty = log (K7) — log (K™)..
Hence, in the log-linearized model, capital evolves according to
log (K;) = (1 — e ") log (K**) 4+ e "' log (Ky)
where [ is defined as

- (Pra -0 a-0 et

f=—€ = 5 g (D.1)

The capital dynamics imply

— = e P (log (Ko) — log (K™)) = —( (log K; — log K*) .

Using the definition in equation (52), the speed of convergence in the log-linearized model
is

() &
O(logK;)  log K; —log K**

= 8.

Hence, 3, defined in equation (D.1), is the long-run speed of convergence in the neoclassi-

cal growth model.

E Details of the Consumption Inequality Analysis

In this section, we establish the mappings between the consumption inequality measures,
the individual characteristic 7, the consumption ratio between a low-productivity agent and
a high-productivity agent, and the quantiles in the population and consumption distribution.
We consider a particular productivity process: at time 0, productivity increases unexpect-
edly but permanently from A* to A, asin Proposition 2.

We introduce the following notations: let ¢ denote the consumption ratio of a low-
productivity agent to a high-productivity agent, P denote the quantile in the population

of agents ranked by consumption level, and GG denote the quantile in the consumption
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distribution.

Symbol Definition

T Length of time elapsed since the low-productivity agent’s
last transition to low productivity
L Consumption ratio of a low-productivity agent

to a high-productivity agent
Quantile in the population ranked by consumption level
Quantile in the consumption distribution

Qv

E.1 Mapping between 7 and P

We establish a one-to-one mapping between 7 and the quantiles in the population ranked
from the lowest to the highest consumption level. Using the optimal consumption allocation

in equations (23) and (24) of Lemma 2, for all 7, 7/ such that 0 < 7’ < 7, we have

/
Ce—1t _ Wy—r - f;:: gudu <1

Ct—r't  Wi—g

Hence, 7 fully characterizes an agent’s rank in the consumption distribution.

At any time ¢, we compute the fraction of agents who have lower consumption level
than those that last transitioned from high to low productivity at time ¢ — 7. We use P (7)
to denote this metric. Then

g T

v
3 e dr = e

+v E+v

P(r)= +mwﬂxﬁm:i[+m

T

Hence, P (7) is the one-to-one mapping from 7 to the quantiles in the population ranked
by consumption level.

Inversely, we can also establish the mapping from the quantiles in the population to 7.
Given a P, we find the 7 such that P fraction of the agents have consumption level lower

than those who last transitioned from high to low productivity at time ¢ — 7.

ﬂm:ﬁ%&@%?)

E.2 Mapping from . to P

Given an ¢, we compute the fraction of agents whose consumption ratio is below ¢.
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For. < 1,

P(,,t) = Pr (Cih:t < L) = Pr (—log (thhtf’t) > —log (L))

where T (¢, ) is the solution to the equation % =1
For. =1, P(1,t) = 1.

E.3 Mapping from P to G

Given the quantile P for a group of agents, we compute their cumulative consumption share

as follows,
1 [T
G(Pt) = o Ct—g Vi (2)dx
t Jr(P)
“+oo

= i Cht—2€ Ji_p gudu &V v
Ci Jrp) E+v
1 too

- = éV C/ Wy_pe ftfmgudueil/xdl‘
Ci§+v 7(P)

— 045% Wima = J) gudug=ve g,
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F Additional Figures

o
=

Interest rate 7,

S}
< g
S I
g g
S Z 0.3
g C* = 0.755
O ,,,,,,,, S
-5 0 5 10
Time ¢t
(d) Consumption
3 0.05 i i
\ | |
s 0 | |
g N |
£ -0.05 | pl
QU | l
& | |
-5 0.3 0.35 0.4
Interest rate r;
(e) Comparing ry — p with % ) % + p as a function of r;

Figure F.1: Transitional dynamics following a permanent increase in productivity. The
figure plots the transition dynamics of aggregate variables when productivity permanently
increases from A* = 1to A = 1.2. Agents have log utility and the parameters are § = 0.16,
v=202p=04,0=0.25¢=0.2.
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et Time ¢
(a) Wage: A* — 1.24* (b) Wage: A* — A*/1.2
h2 | J— — 1
+— S :
S 2
- 0.8 i |
a © g .C}.L.;i .....................................
g 0, 8
O 0.8 S
‘ ‘ : 0.6} | | | |
-1 0 1 2 3 1 0 1 5 ;
Time ¢ .

(c) Household consumption: A* — 1.2A4* (d) Household consumption: A* — A*/1.2

Figure F.2: Difference between permanent increase and decrease in productivity. We plot
the dynamics of wages and individual agents’ consumption, assuming that agents behave
according to the consumption allocations in Lemmas 1 and 2. Panels a and c plot the dy-
namics when productivity permanently increases from A* = 1to A = 1.2. Panels b and
d do the same when productivity permanently decreases from A* = 1to A = 1 /1.2. In
panels c and d, the solid black line plots consumption of a low-productivity agent who just
transitioned from high productivity at time ¢, while the dotted blue line plots the consump-
tion of a high-productivity agent at time ¢. Agents have log utility and the parameters are
0=0.16,r=0.2,p=0.4,0 =0.25,£ = 0.2.

G Computational Details for Figures

We describe the features of all figures in Table G.1.

59



Table G.1: Description of Figures

Shocks
Figure A ¢ x-axis y-axis
3 Perm. 1 - Time Capital & speed of convergence
4 - Cont. T Time Income disp. & consump. ineq.
5 - Cont. T Population quantile Cum. consump. share
F.1 Perm. 1 - Time Aggregate variables
F2  Perm. 1, | - Time Wage & individual consump.

We provide the computational details for the figures.

* Figure 3: This figure compares the speed of convergence to the new steady state in

our model with that in the neoclassical growth model. The speed of convergence in

our model is computed from equation (53) of Proposition 7, and that in the neoclas-

sical growth model is computed according to Online Appendix D.1.2.

* Figure 4: This figure plots the transition dynamics of income dispersion and con-

sumption, computed from equations (56) and (57), respectively.

* Figure 5: This figure plots the transition dynamics of the Lorenz curve. We construct

panel a as follows: at each time ¢,

1. A low-productivity household 7 is characterized by the time since he last tran-

sitioned from high to low productivity, which is denoted as 7;. We create an
equally spaced vector 7 = (74,72, -+ , T, ), Which represents the cross section

of low-productivity households at time ¢.

. For each household 7, we compute the corresponding quantile in the population

ranked by the consumption level, i.e., P (7;), using the definition of P (7) in
Section E.1.

. For each household 7, we compute the cumulative consumption share (as a frac-

tion of aggregate consumption) for those households with consumption level
lower than ¢. The individual consumption level is computed from equations
(23) and (24) of Lemma 2.

. Finally, we plot the population quantiles of these households (obtained from

Step 2) on the z-axis and the cumulative consumption share from Step 3 on the

y-axis.
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In panel b, we plot the vertical distance between each line and the line for the initial

steady state (i.e., ¢ < 0) in panel a.

* Figure F.1: This figure plots the transition dynamics of the aggregate variables with
a permanent increase in productivity. The steady state values and time paths of these

variables are computed according to Sections 4.1 and 4.2.1.

 Figure F.2: This figure plots the transition dynamics of wage and individual house-
holds’ consumption assuming that individual households consume according to the
consumption allocations in equations (23) and (24) of Lemma 2. The time path of
wage is computed according to Sections 4.1 and 4.2.1. Individual households’ con-

sumption in panels c and d are computed from equations (23) and (24).

H Transition Dynamics When Agents Have CRRA Utility

In this section, we show how to generalize our analysis, when agents have CRRA utility.

Specifically, we assume agents have the period CRRA utility function

instead of log-utility u (¢) = log (c), so that the time-¢ expected utility of an agent is

+o0 -0 _1q
Uy = E; [/ 6_p(7_t)cT—dT .
t

l1—0

While much can still be calculated analytically, there is no longer a direct calculation
of the equilibrium path. Rather, we obtain a fixed-point problem, which one would need to
solve numerically.

More precisely, a transition equilibrium is characterized by the following fixed-point

problem.

1. Conjecture a path for aggregate capital K, along the transition, given the initial condi-
tion Ky = K*. Calculate interest rate r; and wage w,, using the first-order conditions

of production firms, i.e., capital and labor demand. See Section H.1 below.

2. Characterize the optimal allocation C;, given the paths for , and w,. See Section H.2

below.
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3. Compute the path of aggregate capital supply K;° by aggregating the capital holdings

across individual agents. See Section H.3 below.

4. Check whether the path of aggregate capital supply K;” matches the conjectured path
of aggregate capital stock K in step 1.

For the remainder of Online Appendix H, we illustrate the above solution method in the

case with aggregate productivity shocks, as discussed in Section 4.2.1.

H.1 Conjecture a Path for Aggregate Capital

We conjecture a path for aggregate capital { K, },, and then calculate the path for interest
rate and wage using the first-order conditions (343 and (35) of production firms. Since the
interest rate in stationary equilibrium does not depend on the value of aggregate productiv-
ity (exactly as in the standard neoclassical growth model), the interest rate will converge to

the original steady state value 7*, i.e.,

lim »r, =r*.
t—+o0

This together with equation (34) implies that the aggregate capital K; converges to

OA \ 77
Ko = > )
<T* + 5>

Hence, the conjectured capital path { K; }, , is constrained by the two boundary conditions:

Ky = K™ (i.e., the initial steady state as initial condition for ¢ = 0) and . lim K; = K.
—+00

H.2 Characterize the Optimal Allocation C,

The interest rate and wage are the only aggregate variables relevant for the dynamic insur-
ance problem at the agent level. Equipped with a conjectured path of interest rate and wage
from Section H.1, we can now characterize the optimal allocation by deriving conditions
for the evolution of (individual) consumption and (individual) capital over time as functions
of (individual) productivity. Define

- T
g=r—" (H.1)
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As might be expected from the standard consumption-savings problem with CRRA utility,
g will turn out to be the negative of the consumption growth rate, if capital holdings are

strictly positive. We define the discounting term
400 R
D; = / e di (rutvtgudug g, (H.2)
t

This is the net present value of a consumption spell that starts at a level of 1, falls at a rate
of —g; < 0 defined above, and ends at the Poisson rate v. This expression will be useful
for calculating the cost of a consumption allocation for a newly unproductive agent.

Given the allocation C;, we define the implied time derivative of consumption as*’

Ocy (k; 2) n Ocy (ks 2)

“kiz) == Ok

xy (ks 2).

The following result is the counterpart to Lemma 1 in the log-utility case.

Lemma H.1 (Optimal allocation for z = 0 and k > 0). Let Assumption 1 be satisfied. Then

the optimal allocation in definition 1 is characterized by

Gelliz) _ — 9t (H.3)

where g, is defined in equation (H.1).
Furthermore, if z; = 0 and if, for some k > 0 we have l::t(k; 0) = 0 forall k < k, then
there exists k such that forall k < k,

k
¢ (k;0) = D, (H.4)
z (k;0) = (rt +v— Di) k, (H.5)
t

where Dy is defined in equation (H.2).

The proof is in Online Appendix H.4.1. We now use this result to characterize the

consumption dynamics of high-productivity agents. We impose the following assumption.

3 As a heuristic for this definition of the time derivative, suppose that productivity remains constant at z for
some small time interval. In that case, note that k; = x; (k; z) and that consumption evolves as ¢; = ¢; (k¢; 2)
which is a function of time only. Taking the derivative with respect to time yields the expression here.
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Assumption H.1. Suppose the aggregate wage and interest rate satisfy, Vt > 0,

' D
gt+%——§ L~ 0. (H.6)
Wy th

Lemma H.2 (Optimal allocation for z = ( and k& = 0). Let Assumption H.I be satisfied.
Then the optimal allocation in definition I implies the following consumption dynamics of

low-productivity agents

c (0;¢) = 1 (H.7)
z (0;¢) = 0, (H.8)

where D, is defined in equation (H.2).

Furthermore,

(e

R (0:0) = 5 Y¢éD, "

(H.9)

The proof is in Online Appendix H.4.2. The term £D; in the denominator of the right-
hand side of (H.7) is the insurance premium to obtain the capital stock ke (0;¢), in case of
a transition to the low-productivity state and to assure desirable continuity of consumption
via (H.4), if so. Indeed, the equality

5]~ﬂ (0;¢) = wi€ — ¢ (05¢)
shows that this is an actuarially fair contract. Note that (H.7) implies

¢ (0:Q) _ i Dy
Ct (03 C) B Wy th‘ (H.10)

Equation (H.10) rationalizes why we need Assumption H.1. If consumption could be cho-
sen in an unconstrained fashion, then we would obtain (H.3). With (H.6), consumption
would grow more slowly than the right-hand side of (H.10), but this can now only be ac-
complished per borrowing against future wages and choosing # < 0, subject to making the
consumption-smoothing insurance payments against the transition to low productivity. But
this is ruled out by the borrowing constraint (9). Put differently, Assumption H.1 assures

that the high-productivity agent has no desire to accumulate capital.
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For ease of notation, let ¢;; = ¢; (ks;0) denote the time-¢ consumption of a low-
productivity agent who switched from high to low productivity at time s < ¢, and thus
holds capital k. This notation implies that c, ; and k, s are the consumption and capital
holdings of an agent whose productivity has turned to zero this very instant. Furthermore,
denote by ¢ = ¢ (0;¢) the time-t consumption of a high-productivity agent with no
assets.

From equation (H.4), capital holdings are proportional to consumption for low-productivity

agents,
ks,t = Dtcs,t- (Hll)

Equations (H.7) and (H.9) imply that

Cs,s = Cs (Oa C) = 1 iUSfCD ) (H.12)
ks = ki (05¢) = %Ds. (H.13)

Equation (H.12) is due to the fact that consumption is continuous and does not jump upon
receiving a negative productivity shock (it in principle could, since it is a jump variable).
For low-productivity agents, the consumption growth equation (H.3) or equivalently

b _ _p=rn

= =g (H.14)

Cst g

holds except for the economy-wide “MIT-shock™ at date ¢ = 0 (on which the economy
transitions to the productivity path {At}tzo)- If an agent last switched from high to low
productivity after that transition date, i.e., if s > 0, then equation (H.14) characterizes his

consumption dynamics since that date. If the switch last happened at some date s < 0, this

*
—39

low-productivity agent will have started at some steady state capital k* _, characterized by
equation (40) in the log-utility case. More generally, using the results above applied to the

steady state together with

g = , (H.15)

Di=— (H.16)
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we have

w*(
r = 2 H.17
‘T 1yeDo (H.17)
= e 97, (H.18)
kf = D*e97¢. (H.19)

The above two cases for s yield the consumption dynamics of low-productivity agents in
Lemma H.3 below.

Lemma H.3 (Consumption dynamics of low-productivity agents). Let Assumption H.I
be satisfied. Consider the time-t consumption cg; of a low-productivity agent who last

switched from z = ( to z = 0 at time s < t.

1. If s > 0, then

o S gudu_WsC H.20
Cot =€ 1+¢D, (H.20)
2. Ifs <0, then
¢ k*
= JoguduZ=s, H21
Csp =€ Jo Dy ( )

Equation (H.20) can be rewritten with equation (H.13) as

t ks s
%ﬁzefkwmzf, (H.22)
or more generally, as
S
%ize*L%wig, (H.23)

for any s < ¢ < t. Comparing equations (H.21) and (H.23), we see that the consumption
of agents with s < t will jump, if and only if Dy # D*: the change in the path of future
interest rates may induce the agent to reduce or to increase current consumption, compared

to the steady state and given the same budget or net present value at time ¢ = 0.
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H.3 Compute the Path of Aggregate Capital Supply

To compute the aggregate capital supply K; at time ¢, we aggregate the capital holdings of

low-productivity agents,

t
Kt = / k&t@/)lﬂg (t — S) dS. (H24)
Lemma H.4 (Dynamics of aggregate capital supply). Let the initial capital stock K, =
K™ be given by the capital associated with the steady state interest rate r* < p and let

Assumption H.1 be satisfied. Then the law of motion for aggregate capital is given by

. §Dy B 0 1
K, = <1+£Dt (1 e)+e) AK (5+ Dt> K, (H.25)

where Dy is defined in equation (H.2).

The proof is in Online Appendix H.4.3. Given the initial capital stock Ky = K*, we
can use the capital dynamics in equation (H.25) to solve for the path of aggregate capital

supply. Lemma H.5 summarizes the results with proof in Online Appendix H.4.4.

Lemma H.5 (Aggregate capital supply). Suppose the aggregate capital evolves according
to equation (H.25) for all t > 0, given the initial condition Ky = K*. Then the aggregate
capital supply at any time t > 0 takes the following form

1

t —
K = (e—“—@) Jobudu j1=0 1 (1 — 6) / e~(1=0Js b“d“asds) : (H.26)
0
where
§D;

= 1-60)+60)A H.27

Qg (1 + €Dt ( ) + 13) ( )
1

b, = 6+ — H.28

; + R ( )

and D, is defined in equation (H.2).
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H.4 Proofs
H.4.1 Proof of Lemma H.1

Proof. The proof expands the proof of Lemma 1 in Appendix A. It is verbatim the same
except that pu' (¢) = u” (¢) ¢ + ' (¢) r, now implies
¢C_ Te—p

_ S (H.29)
C o

which is the consumption dynamics in equation (H.3).
When z = 0 and /;:t (k;0) = 0 forall &k < k and some k, the consumption dynamics
(H.3)* and the budget constraint (8) can be rewritten as the linear system of differential

equations

G = —gic, (H.30)
ke = (ri+v)k—c, (H.31)

in the unknown functions ¢; and k, with the boundary condition*! th+m k; = 0, provided
—4o0

k; < k for all t.*> The solution is valid, as long as the implied path for k, for s > ¢ does
not cross the upper bound k. This will be true for all &k, € (0, /2:) and some suitable k. [J

H.4.2 Proof of Lemma H.2

Proof. The lemma is a version of Section D.3 (Lemma 7) in the Online Appendix of
Krueger and Uhlig (2022), generalized to the case, where aggregate wages and interest

rates are functions of time. Rather than replicating the steps of that section, we provide the

40Note that equation (H.3) implies ¢, = e~ J¢ 9udu¢, A less formal, but more meaningful argument in
terms of economic theory is thus to recognize that the budget constraint and utility maximization imply that
the current capital & is equal to the net present value of all future consumption, as long as the productivity

state stays unchanged. This yields k = ft+°° e~ Jitrutv)dug qg — D,
“I'The boundary condition ensures that no capital gets wasted and this follows from utility maximization.
42To derive equation (H.31), conjecture that the solution satisfies equation (H.4), which can be rewritten as
k?t = DtCt. (H32)
Note that
Dy= -1+ (re+v+g:)D. (H.33)

Differentiate equation (H.32) w.r.t. time ¢ and use equations (H.30) and (H.33) to derive equation (H.31).
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key logic of the argument here and point to the results and proofs in Krueger and Uhlig
(2022) mentioned above for a deeper foundation.

For a high-productivity agent, the Lagrangian, first-order conditions, and envelope con-
dition are as in the proof for Lemma 1, see equations (A.1), (A.2), and (A.4), but applied
tok=0,z=(and p, = €.

1. We first consider the choice of k. The solution in Lemma 1 implies that

U, (/2:;()) = (Dit) ,

which increases to infinity, as k — 0. The third first-order condition in (A.2) there-
fore implies that k > 0 and thus w = 0. With the first and third first-order conditions

in (A.2), we obtain consumption smoothing

u' <ﬁ> =4 (¢) = k= Dc. (H.34)
D,

Hence, equation (H.7) follows from the budget constraint (8), provided that x = 0.

2. Then we need to show that z > 0 is not optimal. Suppose otherwise, x > 0 were
optimal, then equation (H.34) together with the budget constraint (8) implies that
¢ < %, i.e., consumption is less than the right-hand side of equation (H.7).
Furthermore, constraint (9) would not be binding, A = 0, and consumption growth
would satisfy equation (H.3). Let [t,¢+ A] be a time interval for some A > 0,
during which this is the case and along a path where no productivity switch occurs.
Assumption H.1 then implies ¢, < ljr"gl%s during the interval s € [t,t + Al, i.e.,
consumption is less than the consumption level proposed in Lemma H.2 for that

episode. The integral of utility during that time interval is then smaller than the utility
of the solution proposed in Lemma H.2. This loss in utility can only be justified by
the additional utility gained from consuming the accumulated capital after a switch
to lower productivity for s > 0, or, alternatively, for s > A in case there is no switch
to lower productivity. This amounts to postponing consumption compared to the
solution proposed in Lemma H.2. But this can be seen to contradict the impatience
of the agent relative to wage growth, as expressed in Assumption H.1. A precise

formulation of that contradiction requires replicating the arguments in Section D.3
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of Krueger and Uhlig (2022), allowing for the additional time evolution of r; and w;.

]

H.4.3 Proof of Lemma H.4

Proof. We use the notation v; (t — s, t) instead of ¢;; (t — s) in equation (H.24) to denote
the density of the low-productivity agents with length of time ¢ — s > 0 elapsed since the
last transition from high to low productivity.

We differentiate both sides of equation (H.24) wrt time ¢,

Kt - kt,twl (07 t)

- (H.35)
+ / <ks,twl (t - S, t) + ks,t (@Zﬁl (t - S, t) + ath (t - S, t))) ds.

—00

We compute % from equation (H.11),

: : k., D, ¢,
kst = Dtcst + Dtést — ! = —t + 2 (H36)
7 7 ' ks,t D, Cst

Equations (2), (B.3), and (H.13) yield

§wy
k 0,t) = . H.37
141 (0, 1) e, (H.37)
Using the definition of D; in equation (H.2), we get
D 1
_t:rt_|_y—|—gt—— (H38)

D, Dy
Substituting equation (H.14) for consumption growth and equation (H.38) into equation (H.36),

we get

kys 1 1
= = —_—— g = - —. H.39
s e+ V+ g D, ge =T+ v D, ( )
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Substituting equations (B.2), (H.37), and (H.39) into equation (H.35),

K, = Sw, D; + /t ((rt +v— i) kstthy (t — s,t) — vk (t — s,t)) ds

1 +£Dt —00 Dt
o §wy 1
= 1 n th Dt + (Tt Dt) Kt
_ §D, 9 1
= (1 D, (1-0)+0 | AK; o+ D, K,

where the third line above uses the expressions for interest rate and wage in equations (34)
and (35). [
H.4.4 Proof of Lemma H.5

Proof. Equation (H.25) is a Bernoulli differential equation. Given an initial condition K,

it can be solved as follows.

1. Rewrite equation (H.25) as a linear differential equation. Define X; = Ktl_a, ay =
< (1 —6) + 9) A, and by = 0 + D%. We can rewrite equation (H.25) as

14+£Dy

X+ (1-0)bX,=(1—0)a,. (H.40)

2. Solve the linear differential equation (H.40). Multiply both sides of equation (H.40)

by e(1=0) I budu

d (6(1—9) I buduXt>
dt

=(1-0) e(1=0Js budug

Integrate both sides of the above equation from time 0 to ¢,
t t s
=0 o budu xr _ x — / (1— )0 J3 budug, (s,
0

which yields

t
X, = e 0 hbudux 4 (1 g) / (=0 i budug g, (H.41)
0
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3. Substitute the definition of X; into equation (H.41),

1
1-6

t
Kt _ (e—(l—G) fg budqu—G + (1 . 9)/ 6(1_9) N b“d“asds)
0

1
-0

t
_ (6—(1—0) I buduKé—O +(1— 6)/ o= (1-0) [ buduasds)
0
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